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ТЕХНІЧНІ НАУКИ

UDC 539.3
1INTERACTION OF HARMONIC WAVES WITH 

A THIN ELASTIC CIRCULAR INCLUSION 
UNDER CONDITIONS OF SMOOTH CONTACT

L. Vakhonina, сandidate of Phisical and Mathematical sciences
Mykolayiv National Agrarian University

We solve an axisymmetric problem of the interaction of harmonic 
waves with a thin elastic circular inclusion located in an elastic isotropic 
body (matrix). On both sides of the inclusion, between it and the body 
(matrix), conditions of smooth contact are realized. The method of 
solution is based on the representation of displacements in the matrix 
in terms of discontinuous solutions of Lame equations for harmonic 
vibrations. This enables us to reduce the problem to Fredholm integral 
equations of the second kind for functions related to jumps of normal 
stress and radial displacement on the inclusion.

Key words: harmonic wave of thin elastic circular inclusion,Bursting 
decision Lame equations, fl uctuations Fredholm second kind.

The strength and durability of structures and machine 
components are substantially in uenced by the presence of defects 
in the form of thin foreign inclusions, speci cally, thin disks, in 
them. The problems of the determination of the stressed state in the 
vicinity of these inclusions under dynamic loading are particularly 
complex. Since, in most cases, inclusions have a larger rigidity 
than that of a matrix (the reinforcement and reinforcing elements 
in composites), an approach that assumes that inclusions are 
absolutely rigid is extensively used. For instance, this assumption 
was realized in [8, 10, 11, 17]. The number of works in which elastic 
properties of an inclusion are taken into account is much smaller. 
First and foremost, we note a work [12], in which the problem of wave 
loading of bodies with a compliant disk-shaped inclusion was solved 
by the asymptotic method. However, in all aforementioned works, it 
is assumed that conditions of complete adherence between a matrix 
and an inclusion are satis ed. In the present paper, we propose a 

© Vakhonina L., 2016
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solution of the problem of harmonic vibrations of an in nite body 
with a disk-shaped elastic inclusion in the case of conditions of 
smooth contact. This problem was earlier solved for an absolutely 
rigid inclusion [3].

1.Statement of the Problem. Let us consider an in nite elastic 
body (matrix) containing an inclusion in the form of an elastic disk 
with a thickness h and a radius a , h « a . If we introduce a cylindrical 
coordinate system, then, in the plane z = 0, it occupies a circle r≤a, 
0≤Θ≤2π. The inclusion is under the action of waves propagating 
in the matrix. Consider several examples of wave action. In the 
 rst case, in the medium, a plane longitudinal wave, whose front is 
parallel to the plane of the inclusion, propagates. This wave is set by 
the potential and causes displacements in the matrix

  
(1)

In the second case, in the matrix, cylindrical expansion-
compression waves propagate. Then the potential and displacements 
are determined by the formulas [6]

0 00 0
0 0 1 0 1 1 0 1

1 1
    ( , ) ( ) , ( ) , ( )i z i z i z

r z
A i A

r z J r e u A J r e u J r eγ γ γγ
ϕ = β = − β = β

β β
     (2)

In the third case, a cylindrical shear wave with a potential 
interacts with the inclusion [6] and causes displacements in the 
medium,

0 00 0
0 0 2 0 0 2 1 22

22
    ( , ) ( ) , ( ) , ( )i z i z i z

z r
B i B

r z J r e u B J r e u J r eγ γ γγ
ψ = β = β = − β

ββ .     (3)

In formulas (1)-(3), we take the following notation:

     (4)

where λ1, μ1 are the Lame constants of the matrix, and 1ρ  is 
the density of the matrix. The multiplier e~mt, which determines the 
dependence on time, is omitted here and in what follows.
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Taking into account the small thickness of the inclusion, we 
formulate conditions of  interaction of the inclusion with the matrix 
relative to the middle plane. Under smooth contact, the normal 
stress and radial displacement are discontinuous, and, for their 
jumps, we introduce the notation 

1( , 0) ( , 0) ( )z z zr r rσ = σ + − σ + = χ ; 

4( , 0) ( , 0) ( )z r ru u r u r r= + − + = χ /    (5)

On both sides of the inclusion, the following equalities are 
satis ed:

0( , 0) 0,         ( , 0) ( ),         0zr zr u r w r r aτ ± = ± = ≤ < .   (6)

Here, w0(r) is the bending displacement of the middle plane of 
the inclusion, which is determined from the equation of bending 
vibrations of circular plates [13] under conditions of axial symmetry 

22
2

0 0 12
1 ( ),         0D w m w r r ar rr

∂ ∂ + − ω = χ ≤ < ∂ ∂
,  (7)

where 
3

0
2
012(1 )

E h
D =

− ν
  is the cylindrical rigidity, 0m h= ρ  is the mass 

of the unit area of the inclusion.
Equations (7) are considered with conditions of a free edge 

M(a)  = 0,  Q(a) = 0, where M(a) is the bending moment and Q(a) is the 
transverse force in the inclusion. It follows from the last equalities 
that

2 2
0 0 0 0 0

2 2
10,   0,   0

r a r a

w w w w
r ar r r r rr r= =

∂ ν ∂ ∂ ∂∂   + = + = ≤ <   ∂ ∂ ∂   ∂ ∂
    (8)

Moreover, the function w0(r) must be bounded for 0r → .
2. Solution of the Problem
To determine displacements and stress in the matrix, which 

entered into conditions (6), we represent them in the for,
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0 1 0 1,                z z z rz rz rzu u u= + τ = τ + τ .   (9)
Here, u0

z and τ0rz  are displacements and stresses caused by 
a propagating wave in the medium. The summands ul

z  and τlrz  
are displacements and stresses caused by waves re ected from 
the inclusion. They are written in terms of jumps (5) using the 
discontinuous solution of Lame equations, which, for the case of 
vibration of the elastic medium under conditions of axial symmetry 
[14], has the form

1 1
31 4 34

10 0

( )
( , , ) ( ) ( , , )

a a

zu g r z d g r z d
χ η

= η η η + ηχ η η η
µ∫ ∫ ;

1
1 21 4 24

0 0

( ) ( , , ) ( ) ( , , )
a a

rz g r z d g r z dτ = ηχ η η η + ηχ η η η∫ ∫ . (10)

To solve the boundary-value problem (7), (8), we  rst construct 
the Green function, which is determined by the formula

1 1 0 01 1 0 01 2
01

1( , ) ( , ) ( ) ( ) ( ) ( )G r g r J q G r I q G rqη = η − η + η( ) .  (11)

In formula (11), g1 (T|, r) is the fundamental function of Eq. (7), 
which is equal to

 

For the other functions from (11), the following inequalities are 
true problem (7), (8) in the form

1
0 1

0

( )
( ) ( , ) ,               0

a

w r G r d r aD
χ η

= η η ≤ <∫ .  (12)

Then, substituting (9), (10), and (12) into the boundary conditions 
(6), we get the system of integral equations for unknown jumps
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0

1 21 4 24
10 0

( ,0)
( ) ( , ) ( ) ( , )

a a
rz r

F r d F r d∗ τ
ηχ η η η + ηχ η η η = −

µ∫ ∫

1
31 4 34

10 0

( )
( , ) ( ) ( , )

a a

F r d F r d∗χ η
η η η + ηχ η η η =

µ∫ ∫

01
1

0

( )
( , ) ( ,0),      0

a

zG r d u r r aD
χ η

= η η − ≤ <∫ .      

(13)

Deducing systems (13) in integrals containing χ4(η), we 
performed integration in parts and introduced:

4 4
1( ) ( )d

d
∗χ η = ηχ η

η η
( ) ,

2
21 0 12

22 0

( )1( , ) ( ) ( )( )2
BF r J J r dq

∞ λη = λ λη λ λ
λ∫æ

,

1
24 1 12

22 0

( )( , ) ( ) ( )( )2
RF r J J r dq

∞µ λη = λ λη λ λ
λ∫æ

,

31 0 02
21 2 0

( )1( , ) ( ) ( )( )2
SF r J J r dq

∞ λη = − λ λη λ λ
λµ ∫æ

,

2
34 1 02

22 0

( )1( , ) ( ) ( )( )2
BF r J J r dq

∞ λη = − λ λη λ λ
λ∫æ

where
  

2 2 2 2
1 1 2 2( ) ,  ( )q qλ = λ − λ = λ −æ æ

With the aim to reduce system (13) to a form convenient for the 
numerical solution and isolate the singular component from kernels 



150 Вісник аграрної науки Причорномор’я. – 2016. – Вип. 3 

of integral operators, we must perform transformations analogous to 
those represented in [1]. 

To do this, we introduce into consideration the functions

 
Then we act by the operators

 
on the  rst and second equations of the obtained system. The 
representation of Tk (k) in terms of Fourier cosine integrals

 
As a result of these actions, we establish that the functions  are 

solutions of the following system of integral equations:

1

1 1 1
1

1 ( ) ( ) ( )2 g y R y R y dy
−

− ζ − +
π ∫ ( )

1

2 2 2 1
1

1 ( ) ( ) ( ) ( )2 g y R y R y dy f
−

+ − ζ − = ζ
π ∫ ( )

1 1

1 3 2 1
1 1

1 1( ) ( ) ( ) ( )2 2g y R y dy g y R y dy
− −

− ζ + − ζ =
π π∫ ∫  

       ( 1 4 )

1

1 2
1

1 ( ) ( , ) ( )2 g y F y dy f
−

= − ζ + ζ
π ∫   

 
Deducting Eqs. (14), we introduce the following notation:
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1,        ,       ( ) ( ),        1,2k kay x a ay ag y kτ = = ζ ϕ = µ =

1
0 2

2 2
,       ,       ,        1,2ka d kγ= = ξ = =

æ
æ æ æ æ

 (15

)
Depending on the type of the wave incident upon the inclusion, 

the right-hand sides of system (14) are determined by the following 
formulas.

Under the interaction with a plane longitudinal wave,

1 2( ) 0,            ( )f f iξ = ζ = − α .
If cylindrical expansion-compression waves propagate in the 

medium, then

0 1 0 0 1
1 0 1 2

1 1

2 cos( )
( ) (1 cos ),              ( )

i d b y
f b y fd b

α α ξ
ξ = − ξ ζ =

æ
æ .

In the case where a cylindrical transverse shear wave acts on 
the inclusion,

2
0 2 0 2

1 2 0 0 22
2

(2 1)(1 cos )
( ) ,        ( ) cos( )

b b y
f f y

b
β − −

ξ = ζ = β β
æ

æ
 

In the obtained system (14)  the function F (£, y) has the form 
represented in [2], and the functions Rk (x), k = 1,2,3 are determined 
by the integrals

0 0
0

( ) ( ) cos ,           1,2,3k kR x B u u x du k
∞

= =∫æ æ    (16)

We can see that the functions Bk (u), which enter into integrals 
(16), are bounded for u→∞. This is why these integrals must be 
understood  in a generalized sense. To establish this value, we 
should use formulas (3.753) from [4] and formulas of generalized 
differentiation functions [7]. 

1 2,             1,2,3k k kR R iR k= + = .   (17)
After substituting (17) into system (14) and cal
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ulating integrals with the δ -function and its derivatives, we 
obtain a system of integral equations, the matrix representation of 
which has the form

1 1

0 0
1 1

1 1( ) ( , ) ( ) (0) ( ) ( ) ( )2 2AG y Q y G d A G Q G d F y
− −

+ ζ ζ ζ + + ζ ζ ζ =
π π∫ ∫ .(18)

Since det(A) = ¼≠ 0, we can always  nd the inverse of the matrix A.

2 2
1

2 2
2 4(1 )

1 2
A− − ξ − − ξ =  

 + ξ − ξ
.

Let us multiply both sides of system (18) by the matrix A-1 and 
introduce the notation

1 0 1 0 1 0 1 1
0 0,    ,    ,    ,    R A Q R A Q D A A H A d H A F− − − − −= = = = = . 

As a result, system (18) is transformed to the form

1 1
0 0

1 1

1 1( ) ( ) ( ) (0) ( ) ( ) ( )2 2G y R y G d D G R G d H y
− −

+ ζ − ζ ζ + + ζ ζ ζ =
π π∫ ∫ ,(19)

1 1y− ≤ ≤
The obtained system (19) is a system of Fredholm integral 

equations of the second kind, which admits an ef cient numerical 
solution.

An approximate solution of system (19) is obtained in the 
form of the interpolation polynomial

   
              (20)

where  Pn(y) is a Legendre polynomial, and ym , m = 1,2,...,n  
are its roots.

Now, using the Darboux-Christoffel identity for Legendre 
polynomials [15, 16]

1

10

( ) ( )( ) 1 (2 1)1 ( )
n

j j mn

m n mj

P y P yP y
jy y n P y

−

+=
= − +

− + ∑

,
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we  nd

0
2 2

1

2(0) ,            
(1 ) )

n

m m m m
m m m m

G A b G A
y P y=

= =
′−

∑
[ ]

1
0

0

1 (2 1) (0) ( )2
n

m j j m
j

b j P P y
=

=
= +∑

.    (21)

Let us approximate the integrals in system (19) by the 
Gaussian quadrature formula [9] and use (21). As a result, we 
get the following system of linear algebraic equations for the 
approximate calculation of the values of the unknown functions 
at interpolation nodes:

0 0 0

1

1 ( ) ( )2
n

j m m j m m m j
m

G A R y y R y D b G F
=

+ − + + =
π ∑ [ ]

 
 (22)

( ),          1,2, ,j jF F y j m= = K

To estimate the stress concentration in the matrix, in the 
vicinity of the inclusion, we use stress intensity factors (SIF) [1, 5]

1
1 1 30 0

l im ( ),           l im ( 0)rzr a r a
K a r r K a r r ,

→ − → +
= − χ = − τ

After performing the boundary transition, we establish that
 
                          (23)

where

).1()1()1(
2

N        ,)1(
2

2
1

2

3
1

1 gggN −−==  

Using (23), the dimensionless values of the SIF are expressed 
in terms of the solution of system (22) by the formulas

2 21
1 3 1 2

1,                    2(1 )2 2N N
σ

= = ξ σ − − ξ σ
π π

( )
 

1
1

1
( ),        (1 ) ( )

n

m j m m m n m
m

C g y C y P y −

=

′σ = = −∑ ( ) .  (24)
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3. Analysis of Results of a Numerical investigation and 
Conclusions

Let us consider results of a numerical investigation of the 
frequency-wise dependence of the SIF. On the one hand, the in-
fl uence of the rigidity of the inclusion on the stress concentra-
tion near it was established. For this purpose, we assumed that 
the inclusion and matrix have equal densities and Poisson's ratios                                                             
( 0 11,  0.25)ρ = ν = ν = . Results of these investigations are shown in 
Figs. 1 and 2. The curves that correspond to the indicated value of 
the ratio of the modulus of elasticity of the matrix to the modulus 
of elasticity of the inclusion. Results of these investigations are 
shown in Figs. 1 and 2. The curves that correspond to the indi-
cated value of the moduli of elasticity of the matrix and inclusion 
e0 = E1/E0 were constructed under the assumption that the plane 
longitudinal wave (1) interacts with the inclusion. The curves that 
correspond to e0 =10-5 in Fig. 1 and e0 = 10-4 in Fig. 2 coincide 
completely with analogous curves constructed for an absolutely 
rigid inclusion [3]. The behavior of both factors becomes more 
complicated as the rigidity of the inclusion decreases and takes a 
more complex form with a large number of maximums and mini-
mums. As a rule, the values of |N3|  for the elastic inclusion exceed 
those for the rigid inclusion, and the difference between them may 
attain several times. The values of  |N1|  for the elastic inclusion 
are generally smaller than those calculated for the rigid inclusion.
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We also performed calculations of the SIF for inclusions 
and matrices of real materials. Results of these calculations are 
illustrated by plots shown in Figs. 3-8. We constructed solid curves 
with regard to the elasticity of the inclusion and dashed curves 
according to the assumption that the inclusion is absolutely 
rigid. The inclusion was considered steel. For the matrix, three 
materials were chosen. Curves 1 were constructed for the case 
of a concrete matrix, curves 2 correspond to the case where the 
material of the matrix is lead, and curve 3 in Fig. 3 corresponds 
to a copper matrix.

Plots in Figs. 3 and 4 show changes in the SIF depending on 
the wave number under interaction of a plane longitudinal wave 
with the inclusion. The results of calculations shown in Figs. 5 
and 6 correspond to the case where a longitudinal cylindrical 
wave acts on the inclusion, and the plots shown in Figs. 7 and 8 
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were constructed for the case where a transverse cylindrical wave 
acts on the inclusion.

The analysis of all these plots shows that, in the case of 
inclusions and matrices of real materials, taking into account the 
elasticity of inclusions affects substantially the value of the SIF. 
For some materials, the values of the SIF obtained with regard to 
elasticity may exceed the values of the SIF that correspond to an 
absolutely rigid inclusion, and for some other materials may be 
much smaller. If the rigidity of the inclusion is taken into ac¬count, 
the dependence of the SIF on the wave number also changes 
signi cantly. It becomes more complex with a large number of 
maximums and minimums. Note that the maximum values of the 
SIF may be several times larger than the corresponding values for 
absolutely rigid inclusions. All these facts indicate the necessity 
of taking into account the elasticity of inclusions in the strength 
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analysis of components of machines and struc¬tures containing 
them.
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Л. В. Вахоніна. Осесиметричні коливання необмеженого тіла з тон-
ким пружним круговим включенням за умови гладкого контакту.

Розв’язано осесиметричну задачу про взаємодію гармонічних хвиль з тон-
ким пружним круговим включенням, яке розташоване в пружному ізотропному 
тілі (матриці). На обох сторонах включення між ним і тілом (матрицею) реа-
лізовані умови гладкого контакту. Метод розв’язування базується на поданні 
переміщень у матриці через розривні розв’язки рівнянь Ляме для гармонічних 
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коливань. Це дозволило звести задачу до інтегральних рівнянь Фредгольма 
другого роду відносно функцій, зв’язаних зі стрибками нормального напружен-
ня і радіального переміщення на включенні.

Ключові слова: гармонічні хвилі з тонким пружним коловим включенням, 
розривні рішення рівнянь Ламе, коливання Фредгольма другого роду.

Л. В. Вахонина. Осесимметричные колебания неограниченного тела с 
тонким упругим круговым включением при условии гладкого контакта.

Решена осесимметричная задача о взаимодействии гармонических волн 
с тонким упругим круговым включением, которое расположено в упругом изо-
тропном теле (матрице). На обеих сторонах включения между ним и телом (ма-
трицей) реализованы условия гладкого контакта. Метод решения базируется 
на представлении перемещений в матрице через разрывные решения урав-
нений Ламе для гармонических колебаний. Это позволило свести задачу к 
интегральным уравнениям Фредгольма второго рода относительно функций, 
связанных со скачками нормального напряжения и радиального перемещения 
на включении.

Ключевые слова: гармоничные волны с тонким упругим круговым 
включением,разрывные решения уравнений Ламе, колебания Фредгольма вто-
рого рода.
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