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TEXHIYHI HAYKU

UDC 539.3

INTERACTION OF HARMONIC WAVES WITH
A THIN ELASTIC CIRCULAR INCLUSION
UNDER CONDITIONS OF SMOOTH CONTACT

L. Vakhonina, candidate of Phisical and Mathematical sciences
Mykolayiv National Agrarian University

We solve an axisymmetric problem of the interaction of harmonic
waves with a thin elastic circular inclusion located in an elastic isotropic
body (matrix). On both sides of the inclusion, between it and the body
(matrix), conditions of smooth contact are realized. The method of
solution is based on the representation of displacements in the matrix
in terms of discontinuous solutions of Lame equations for harmonic
vibrations. This enables us to reduce the problem to Fredholm integral
equations of the second kind for functions related to jumps of normal
stress and radial displacement on the inclusion.

Key words: harmonic wave of thin elastic circular inclusion,Bursting
decision Lame equations, fluctuations Fredholm second kind.

The strength and durability of structures and machine
components are substantially influenced by the presence of defects
in the form of thin foreign inclusions, specifically, thin disks, in
them. The problems of the determination of the stressed state in the
vicinity of these inclusions under dynamic loading are particularly
complex. Since, in most cases, inclusions have a larger rigidity
than that of a matrix (the reinforcement and reinforcing elements
in composites), an approach that assumes that inclusions are
absolutely rigid is extensively used. For instance, this assumption
was realized in [8, 10, 11, 17]. The number of works in which elastic
properties of an inclusion are taken into account is much smaller.
First and foremost, we note a work [12], in which the problem of wave
loading of bodies with a compliant disk-shaped inclusion was solved
by the asymptotic method. However, in all aforementioned works, it
is assumed that conditions of complete adherence between a matrix
and an inclusion are satisfied. In the present paper, we propose a
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solution of the problem of harmonic vibrations of an infinite body
with a disk-shaped elastic inclusion in the case of conditions of
smooth contact. This problem was earlier solved for an absolutely
rigid inclusion [3].

1.Statement of the Problem. Let us consider an infinite elastic
body (matrix) containing an inclusion in the form of an elastic disk
with a thickness h and a radius a, h «a . If we introduce a cylindrical
coordinate system, then, in the plane z = 0, it occupies a circle r<a,
0<O=<2m. The inclusion is under the action of waves propagating
in the matrix. Consider several examples of wave action. In the
first case, in the medium, a plane longitudinal wave, whose front is
parallel to the plane of the inclusion, propagates. This wave is set by
the potential and causes displacements in the matrix

A&7 e
0 = “m1 : ul = iAe?, ul =0. (1)

In the second case, in the matrix, cylindrical expansion-
compression waves propagate. Then the potential and displacements
are determined by the formulas [6]

A - . ivA .
(Po(r,z):B—:) Jo(Byr)e'’™, U? =—AyJs(Byr)e™, Ug :“23—10J0(B1r)elyz (2)

In the third case, a cylindrical shear wave with a potential
interacts with the inclusion [6] and causes displacements in the
medium,

B ; ; fyB ;
Vo(r:2)="z Jo(Bor)el ™, U2 =Bodo(Por)e ™, U9=—%—2°J1(B2r)e’yz, 3)
2

In formulas (1)-(3), we take the following notation:

A
® =2, Bl -7, k=12 g=lH gl g
Cx P1 P1

where A, 1, are the Lame constants of the matrix, and P4 is
the density of the matrix. The multiplier e~™, which determines the
dependence on time, is omitted here and in what follows.
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Taking into account the small thickness of the inclusion, we
formulate conditions of interaction of the inclusion with the matrix
relative to the middle plane. Under smooth contact, the normal
stress and radial displacement are discontinuous, and, for their
jumps, we introduce the notation

(0,) =0,(r,+0)—o,(r,+0) = x,(r) 5

(u,) =u,(r,+0) = u,(r,+0) = yx,4(r) / (5)

On both sides of the inclusion, the following equalities are
satisfied:

1, (r,£0) =0, u,(r,£0) = wqy(r), 0O<r<a. (©)

Here, w (r) is the bending displacement of the middle plane of
the inclusion, which is determined from the equation of bending
vibrations of circular plates [13] under conditions of axial symmetry

2 2
oSt wommiwe s, 0sr<ar 0
r
En® . e ~ ,
where D = 0 is the cylindrical rigidity, m = hp, is the mass

12(1 - v3)

of the unit area of the inclusion.

Equations (7) are considered with conditions of a free edge
M(a) =0, Q(a) = 0, where M(a) is the bending moment and Q(a) is the
transverse force in the inclusion. It follows from the last equalities
that

(azwo +v_08W0j

_0 Kl azwo +1aw0
or? r or ’

or\ gré2 r or

r=a

Moreover, the function w,(r) must be bounded for r — 0.

2. Solution of the Problem

To determine displacements and stress in the matrix, which
entered into conditions (6), we represent them in the for,
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0 1
rz = Yz ¥ Tz, (9)

Here, u°, and 1° are displacements and stresses caused by
a propagating wave in the medium. The summands u', and t_
are displacements and stresses caused by waves reflected from
the inclusion. They are written in terms of jumps (5) using the
discontinuous solution of Lame equations, which, for the case of

vibration of the elastic medium under conditions of axial symmetry
[14], has the form

x1(M)

_ 0, 1
u, =u, +u,, T

a a
uy = |n Ga1(n.7,2)dn + [ N4 (n)gas(n, 7, 2)
0 0

a a
v, = [ Mgy (.7, 2)dn + [ nya(N)gos (.7, 2) A . (10)
0 0

To solve the boundary-value problem (7), (8), we first construct
the Green function, which is determined by the formula

Gy(n,r)=9gy(n,r)- qlm(Jo(qom)Gdf) +19(qpm)Gy(r)) - (11)
In formula (11), g1 (T|, r) is the fundamental function of Eq. (7),
which is equal to

oo

Ao (Ar)]4 (A
st [ JoOlo ) |

1
_ - +
gi(nr)= 24, (g1 +gi (@), A2+q?

0

For the other functions from (11), the following inequalities are
true problem (7), (8) in the form

Wo(r) = j () G,(n,r)dn, 0O<r<a. (12)
0

Then, substituting (9), (10), and (12) into the boundary conditions
(6), we get the system of integral equations for unknown jumps
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2 (r,0)
K

IUX1 (MF(m,r)dn + InXZ(ﬂ)F24(n, rydn = -
0 0

a
Fa(n.r)dn + [y (m)Faqe(n,r) dn =
0

(13)

a
:IX1(n)G1(T],f)dﬂ—Ug(f,0), 0O<r<a.
0

Deducing systems (13) in integrals containing x,(n), we
performed integration in parts and introduced:

Xa() = dn(nm(n))
(1) j 2RI ()
Foa(n, 1) j R(’“) Ly (e () i,
_ 1 71S»)
Fy(n.r) = v ! 0.0y oo (Ar)
Fou(n,r) = j sz (M) Jg (hr) d

wher q1<x>:Jx2—ae$, 0 - (17—

With the aim to reduce system (13) to a form convenient for the
numerical solution and isolate the singular component from kernels
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of integral operators, we must perform transformations analogous to
those represented in [1].
To do this, we introduce into consideration the functions

ﬂ(?u)}_ e [x
o _in[xi(n) Todn,

Then we act by the operators

d

DAt =L Jijfmm Dol = i

on the first and second equations of the obtained system. The
representation of Tk (k) in terms of Fourier cosine integrals

1,00 07,
[T (1)} 2| [% (T)}osxm .

As a result of these actions, we establish that the functions are
solutions of the following system of integral equations:

1
L [ G XR (Y - )~ R(y)) dy +
-1
1
+ o [ AR,y - ©) = Ry(y)) dy = £4(0)
-1 (14)

1 1
= [ IRy — )y + o= [ (VIR (y — L)y =
-1 -1

1
= ‘217 [ 9 F& y)dy + £,(5)
-1

Deducting Egs. (14), we introduce the following notation:
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T:ay’ X:aC, (pk(ay):“ﬂagk(y)’ k:1’2

Y &
& = as,, =d,, = , k=12
L, k 5 L, |

Depending on the type of the wave incident upon the inclusion,
the right-hand sides of system (14) are determined by the following
formulas.

Under the interaction with a plane longitudinal wave,

f1(€) =0, f,(C) = —ia.
If cylindrical expansion-compression waves propagate in the
medium, then

f1(8) = 2;0:0 (1-cos&agb,y), F(C) = dyog COZ(&&’obW) .

In the case where a cylindrical transverse shear wave acts on
the inclusion,

B, (2b% —1)(1 — cosa,b,y)
fi(e) = PR R (0) = By cos ()
2
In the obtained system (14) the function F (£, y) has the form
represented in [2], and the functions R_(x), k = 1,2,3 are determined

by the integrals

Ry (x) = & [ B, (u)cos uagx du, k=123 (16)
0

We can see that the functions B, (u), which enter into integrals
(16), are bounded for u—w. This is why these integrals must be
understood in a generalized sense. To establish this value, we
should use formulas (3.753) from [4] and formulas of generalized
differentiation functions [7].

R, = R +iR,5, k=123. (17)
After substituting (17) into system (14) and cal
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ulating integrals with the 6 -function and its derivatives, we
obtain a system of integral equations, the matrix representation of

which has the form
1

AG(y)+ o |

T
-1

1
Q. Y)G(E) A5 + AG(0) + o [ Qy(E)G(E) dE = F(y) (18)
-1

Since det(A) = %# 0, we can always find the inverse of the matrix A.

(287 —4(1-8P)
A _(1+g2 — 262 )

Let us multiply both sides of system (18) by the matrix A! and
introduce the notation

R=A"Q R°=A"Q, D°=A7"4, H°=A, H=ATF.

As a result, system (18) is transformed to the form

1 1
G(y)+5- |

1
L [ RC - y)G(0)d5 + DUG(0) + 5= [ R(QG() L = Hiy) (19)
-1 -1
-1<y <1

The obtained system (19) is a system of Fredholm integral
equations of the second kind, which admits an efficient numerical
solution.

An approximate solution of system (19) is obtained in the
form of the interpolation polynomial

= B ) 91 (Ym)
G = G g ; _ 1\ m
) mzﬂ i Ly ¥m }F::{Ym ) Gm (gz(ym )) ’ (20)

where P _(y) is a Legendre polynomial, andy_, m = 1,2,...,n
are its roots.

Now, using the Darboux-Christoffel identity for Legendre
polynomials [15, 16] ’

Py) 1 FWRYR)
y_ym_ n+1j§0(2j+1) Pn+1(ym)

152 Bicuux aepapnoi nayxu Ipuvopromop’s. — 2016. — Bun. 3



we find

4 2
G(O) mbg'l Gm’ Am = ;
24 I TR A
1 n=1
b =5 2. (2 + DR (0P (V)

-
Il
o

Let us approximate the integrals in system (19) by the
Gaussian quadrature formula [9] and use (21). As a result, we
get the following system of linear algebraic equations for the
approximate calculation of the values of the unknown functions
at interpolation nodes:

n
)+ g5 2 AnlRUm ~y)+ ROl ) + D16, = F (22

F; = F(y;), j=12K,m
To estimate the stress concentration in the matrix, in the
vicinity of the inclusion, we use stress intensity factors (SIF) [1, 5]

K, = lim Ja—ry,(r), Ky = lim Ya—r< (r,0)

r—a-0 r—a+0

After performing the boundary transition, we establish that

K,=p2aN,., j=13 (23)
where

1 2
=R N S (- 1- 82,0

Using (23), the dimensionless values of the SIF are expressed
in terms of the solution of system (22) by the formulas

N, =;’—,1, N, :21—71_(@261 ~2(1- &%),
z 0 V), Cr =((1=Y)Pyym) " (24)
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3. Analysis of Results of a Numerical investigation and
Conclusions

Let us consider results of a numerical investigation of the
frequency-wise dependence of the SIF. On the one hand, the in-
fluence of the rigidity of the inclusion on the stress concentra-
tion near it was established. For this purpose, we assumed that
the inclusion and matrix have equal densities and Poisson's ratios
(p =1, vq =v, =025). Results of these investigations are shown in
Figs. 1 and 2. The curves that correspond to the indicated value of
the ratio of the modulus of elasticity of the matrix to the modulus
of elasticity of the inclusion. Results of these investigations are
shown in Figs. 1 and 2. The curves that correspond to the indi-
cated value of the moduli of elasticity of the matrix and inclusion
e, = E,/E, were constructed under the assumption that the plane
longitudinal wave (1) interacts with the inclusion. The curves that
correspond to e, =10~ in Fig. 1 and ¢, = 10* in Fig. 2 coincide
completely with analogous curves constructed for an absolutely
rigid inclusion [3]. The behavior of both factors becomes more
complicated as the rigidity of the inclusion decreases and takes a
more complex form with a large number of maximums and mini-
mums. As a rule, the values of [N,| for the elastic inclusion exceed
those for the rigid inclusion, and the difference between them may
attain several times. The values of |N,| for the elastic inclusion
are generally smaller than those calculated for the rigid inclusion.
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We also performed calculations of the SIF for inclusions
and matrices of real materials. Results of these calculations are
illustrated by plots shown in Figs. 3-8. We constructed solid curves
with regard to the elasticity of the inclusion and dashed curves
according to the assumption that the inclusion is absolutely
rigid. The inclusion was considered steel. For the matrix, three
materials were chosen. Curves 1 were constructed for the case
of a concrete matrix, curves 2 correspond to the case where the
material of the matrix is lead, and curve 3 in Fig. 3 corresponds
to a copper matrix.

Plots in Figs. 3 and 4 show changes in the SIF depending on
the wave number under interaction of a plane longitudinal wave
with the inclusion. The results of calculations shown in Figs. 5
and 6 correspond to the case where a longitudinal cylindrical
wave acts on the inclusion, and the plots shown in Figs. 7 and 8
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were constructed for the case where a transverse cylindrical wave
acts on the inclusion.

Vil v

281

Fig. 7 Fig. 8

The analysis of all these plots shows that, in the case of
inclusions and matrices of real materials, taking into account the
elasticity of inclusions affects substantially the value of the SIF.
For some materials, the values of the SIF obtained with regard to
elasticity may exceed the values of the SIF that correspond to an
absolutely rigid inclusion, and for some other materials may be
much smaller. If the rigidity of the inclusion is taken into ac~count,
the dependence of the SIF on the wave number also changes
significantly. It becomes more complex with a large number of
maximums and minimums. Note that the maximum values of the
SIF may be several times larger than the corresponding values for
absolutely rigid inclusions. All these facts indicate the necessity
of taking into account the elasticity of inclusions in the strength
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analysis of components of machines and struc-tures containing
them.
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J1. B. BaxoHiHa. OcecMMeTpHNYHIi KOJIMBaAHHS HEOO6MEe>XKeHOoro Tizia 3 TOH-
KWM npy>XKHUM KPpYroBNM BKJIIOMEHHSIM 3a YMOBMU Ir/1afiKOro KOHTaKTYy.

Po3B’d3aHo ocecnMeTpuyHy 3agadqvy rnpo B3aEMOAit0 rapMOHIYHNX XBUJ1b 3 TOH-
KUM FIPYXXHUM KPYrOBUM BKJIIOYEHHSIM, SIKE PO3TallOBaHE B MPYy>XXKHOMY i30TPOMHOMY
Tini (Matpuui). Ha 060x CTOpOHax BKJIKYEHHS MiX HUM | TisioMm (Matpuuero) pea-
J1i30BaHi yMOBMW [/1a4KOro KOHTaKTy. MeTog po3B’a3yBaHHS 6a3y€e€TbCs Ha ModaHHi
nepemileHb y MaTtpuyi 4yepe3 po3punBHI PO3B’S3KU PIBHSIHbL Jlame 4719 rapMOHIYHUX
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Ko/siMBaHb. Lle A03BO/IMI0 3BECTU 3ajady A0 iHTerpasbHuXx pIiBHSIHb ®pesarosibMma
APYyroro pogy BigHOCHO yHKUIN, 3B’I3aHNX 3i CTPMOKaMm HOPpMasabHOro HarnpyxeH-
HS | pagiasbHOro rnepemiljeHHs Ha BKJIIOYEHHI.

KnrouoBi cnnoBa: rapMOHIYHI XBUJ1i 3 TOHKNUM MDY XHUM KOJI0BUM BKJTHOYEHHSIM,
PO3pUBHI pilieHHS piBHAHb Jlame, KoaimBaHHAa @pearosibMa Apyroro poay.

J1. B. BaxoHnHa. OcecMMMeTpUYHbIe KosiebaHuss HeoOrpaHN4eHHOro 1eJa c
TOHKUM yripyruM KpyrosbiM BK/IlOYE€HNEM IMPH YC/I0OBHUMU IrN1afKOro KOHTaKTa.

PewieHa ocecumMmeTpuyHas 3afiada o B3auMOAeNCTBUN rapMOHUYECKNX BOJIH
C TOHKUM yripyrum KpyroBblM BKJIHOYEHNEM, KOTOPOE pacriosiOKeEHO B yrpyromM m3o-
TPOrnHoM Tesne (matpuuye). Ha o6enx CTopoHax BKIKOYEHUST MEXAY HUM n TE/I0OM (Ma-
TpuLen) peaan3oBaHbl yC0BUS 71a4KOro KoHTakTa. Metog peweHus 6a3upyercsi
Ha npeAcTaB/eHUn rnepeMeLleHui B MaTtpuye 4Yepes paspbiBHbIE peLleHUs ypaBs-
HeHut Jlame A/ rapMOHUYeckux KosaebaHui. ITO Mo3B0/INI0 CBECTU 3adady K
MHTErpasabHbiM ypaBHeHUsM ®pearosibMa BTOPOro poAa OTHOCUTEJSIbHO PyHKLUM,
CBSI3aHHbIX CO CKayKaMy HOPMasibHOro HarpsiXkKeHuss u paanasabHoro repemMeLyeHus
Ha BKJIIOYEHUNH.

KnrouyeBble cnoBa: rapMOHUYHbLIE BOJIHbI C TOHKWUM Yrpyrum KpyroBbiM

BKJIIOYEHMEM, Pa3PbIBHbIE PELUEHUS] ypaBHeHUi Jlame, konebaHus ®pearoibma BTO-
poro poaja.
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