
ÌIÍIÑÒÅÐÑÒÂÎ ÎÑÂIÒÈ ÒÀ ÍÀÓÊÈ ÓÊÐÀ�ÍÈ
ÌÈÊÎËÀ�ÂÑÜÊÈÉ ÍÀÖIÎÍÀËÜÍÈÉ ÀÃÐÀÐÍÈÉ ÓÍIÂÅÐÑÈÒÅÒ

Iíæåíåðíî-åíåðãåòè÷íèé ôàêóëüòåò
Êàôåäðà âèùî¨ òà ïðèêëàäíî¨ ìàòåìàòèêè

ÂÈÙÀ ÌÀÒÅÌÀÒÈÊÀ.
ÏÎÕIÄÍÀ

Ìåòîäè÷íi ðåêîìåíäàöi¨
äëÿ âèêîíàííÿ ñàìîñòiéíî¨ ðîáîòè çäîáóâà÷àìè
ïåðøîãî (áàêàëàâðñüêîãî) ðiâíÿ âèùî¨ îñâiòè

ÎÏÏ ¾Îáëiê i îïîäàòêóâàííÿ¿ òà
ÎÏÏ ¾Ôiíàíñè, áàíêiâñüêà ñïðàâà òà ñòðàõóâàííÿ¿
ñïåöiàëüíîñòåé D1 ¾Îáëiê i îïîäàòêóâàííÿ¿ òà

D2 ¾Ôiíàíñè, áàíêiâñüêà ñïðàâà, ñòðàõóâàííÿ òà ôîíäîâèé ðèíîê¿
äåííî¨ òà çàî÷íî¨ ôîðìè çäîáóòòÿ âèùî¨ îñâiòè

ÌÈÊÎËÀ�Â � 2025



ÓÄÊ 51
Â55

Äðóêó¹òüñÿ çà ðiøåííÿì íàóêîâî-ìåòîäè÷íî¨ êîìiñi¨ iíæåíåðíî-åíåðãåòè÷íîãî
ôàêóëüòåòó Ìèêîëà¨âñüêîãî íàöiîíàëüíîãî àãðàðíîãî óíiâåðñèòåòó (ïðîòîêîë
� 7 âiä 21.03.2025ð.)

Óêëàäà÷:

Â.Â. Ïîæèâàòåíêî � ê.ô.-ì.í., ñòàðøèé âèêëàäà÷ êàôåäðè âèùî¨ òà ïðè-
êëàäíî¨ ìàòåìàòèêè Ìèêîëà¨âñüêîãî íàöiîíàëüíîãî
àãðàðíîãî óíiâåðñèòåòó.

Ðåöåíçåíòè:

Ïåðåäåðié Â.I. � ä-ð òåõí. íàóê, ïðîôåñîð êàôåäðè ôiçèêè, ìàòåìà-
òèêè òà iíôîðìàöiéíèõ òåõíîëîãié Ìèêîëà¨âñüêîãî íà-
öiîíàëüíîãî óíiâåðñèòåòó iì. Â.Î. Ñóõîìëèíñüêîãî.

Ïàðõîìåíêî Î.Þ. � ê. ô.-ì. í., äîöåíò êàôåäðè åêîíîìi÷íî¨ êiáåðíåòèêè,
êîìï'þòåðíèõ íàóê òà iíôîðìàöiéíèõ òåõíîëîãié Ìè-
êîëà¨âñüêîãî íàöiîíàëüíîãî àãðàðíîãî óíiâåðñèòåòó.

© Ìèêîëà¨âñüêèé íàöiîíàëüíèé
àãðàðíèé óíiâåðñèòåò, 2025



3

ÇÌIÑÒ

1 Ïîõiäíà 4

1.1 Ïîõiäíà ôóíêöi¨ òà ¨¨ ãåîìåòðè÷íèé ñåíñ . . . . . . . . . . . . . . 4
1.2 Ïðàâèëà äèôåðåíöiþâàííÿ. Ïîõiäíi íàéïðîñòiøèõ àëãåáðà¨÷íèõ

òà òðèãîíîìåòðè÷íèõ ôóíêöié . . . . . . . . . . . . . . . . . . . . 7
1.3 Ïîõiäíà ñêëàäåíî¨ ôóíêöi¨ . . . . . . . . . . . . . . . . . . . . . . . 9
1.4 Ïîõiäíi ëîãàðèôìè÷íèõ òà ïîêàçîâèõ ôóíêöié . . . . . . . . . . . 11
1.5 Ïîõiäíi îáåðíåíèõ òðèãîíîìåòðè÷íèõ ôóíêöié . . . . . . . . . . . 14
1.6 Ëîãàðèôìi÷íå äèôåðåíöiþâàííÿ . . . . . . . . . . . . . . . . . . . 15
1.7 Ïîõiäíi âèùèõ ïîðÿäêiâ . . . . . . . . . . . . . . . . . . . . . . . . 17
1.8 Ïîõiäíi íåÿâíî¨ ôóíêöi¨ . . . . . . . . . . . . . . . . . . . . . . . . 20
1.9 Ïîõiäíi âiä ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî . . . . . . . . . . . . 22

2 Äèôåðåíöiàë 26

2.1 Äèôåðåíöiàë ôóíêöi¨ . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2 Äèôåðåíöiàëè âèùèõ ïîðÿäêiâ . . . . . . . . . . . . . . . . . . . . 27

Ëiòåðàòóðà 29

Äîäàòîê À. Òàáëèöÿ ïîõiäíèõ 30

Äîäàòîê Á. Òàáëèöÿ ïîõiäíèõ ñêëàäåíèõ ôóíêöié 31



4

1 Ïîõiäíà

1.1 Ïîõiäíà ôóíêöi¨ òà ¨¨ ãåîìåòðè÷íèé ñåíñ

Ïîõiäíîþ ôóíêöi¨ f(x) íàçèâà¹òüñÿ ãðàíèöÿ âiäíîøåííÿ ¨¨ ïðèðîñòó ∆y äî
âiäïîâiäíîãî ïðèðîñòó ∆x íåçàëåæíî¨ çìiííî¨, êîëè ∆x→ 0:

lim
∆x→0

∆y

∆x
= lim

∆x→0

f(x+∆x)− f(x)

∆x
. (1)

Ðèñ. 1.1

Ïîõiäíà ìîæå ïîçíà÷àòèñÿ ðiçíèìè ñïîñîáàìè:

y′ àáî f ′(x), àáî
dy

dx
. Îïåðàöiÿ âçÿòòÿ ïîõiäíî¨ íà-

çèâà¹òüñÿ äèôåðåíöiþâàííÿì.
Ãåîìåòðè÷íî ïîõiäíà y′ ôóíêöi¨ y = f(x) ïðåä-

ñòàâëÿ¹ êóòîâèé êîåôiöi¹íò äîòè÷íî¨ äî ãðàôiêó
öi¹¨ ôóíêöi¨ (ðèñ. 1.1).

∆y

∆x
= tg β; y′ = lim

∆x→0

∆y

∆x
= lim

β→α
tg β = tgα.

Ôóíêöiÿ íàçèâà¹òüñÿ äèôåðåíöiþ¹ìîþ â äåÿêié òî÷öi x, ÿêùî â öié òî÷öi
âîíà ìà¹ ïåâíó ïîõiäíó, òîáòî ÿêùî ãðàíèöÿ (1) iñíó¹ i ìà¹ îäíå é òå ñàìå çíà-
÷åííÿ ïðè ∆x→ 0 áóäü-ÿêèì ñïîñîáîì, ïðè öüîìó ôóíêöiÿ áóäå i íåïåðåðâíîþ
â öié òî÷öi.

Íåïåðåðâíiñòü ôóíêöi¨ ¹ íåîáõiäíà (àëå íåäîñòàòíÿ) óìîâà äèôåðåíöiéîâà-
íîñòi ôóíêöi¨. Ôóíêöiÿ, íåïåðåðâíà â äåÿêié òî÷öi x, ìîæå áóòè i íåäèôåðåí-
öiéîâàíîþ â öié òî÷öi. Íàéïðîñòiøi âèïàäêè íåäèôåðåíöiéîâàíîñòi íåïåðåðâíî¨
ôóíêöi¨ y = f(x) çîáðàæåíi íà ðèñ. 1.2.

Ðèñ. 1.2

Â òî÷öi a ïðè ∆x → 0 âiäíîøåííÿ
∆y

∆x
íå

ìà¹ ãðàíèöi, àëå ìà¹ ðiçíi îäíîái÷íi ãðàíèöi
ïðè ∆x → −0 i ∆x → +0, ÿêi íàçèâàþòüñÿ
îäíîái÷íèìè (ëiâîþ òà ïðàâîþ) ïîõiäíèìè:

lim
∆x→−0

∆y

∆x
= y′(−) i lim

∆x→+0

∆y

∆x
= y′(+).

Ó âiäïîâiäíié òî÷öi ãðàôiêó ôóíêöi¨ íåìà¹
âèçíà÷åíî¨ äîòè÷íî¨, àëå ¹ äâi ðiçíi îäíîái÷íi äîòè÷íi ç êóòîâèìè êîåôiöi¹íòàìè:

k1 = y′(−) i k2 = y′(+).

Òàêà òî÷êà íàçèâà¹òüñÿ êóòîâîþ.

Â òî÷êàõ b òà b1 ïðè ∆x→ 0 âiäíîøåííÿ
∆y

∆x
¹ çíàêîïîñòiéíîþ íåñêií÷åííî

âåëèêîþ âåëè÷èíîþ:

lim
∆x→0

∆y

∆x
= −∞ (àáî +∞).
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Â öüîìó âèïàäêó ãîâîðÿòü, ùî ôóíêöiÿ ìà¹ íåñêií÷åííó ïîõiäíó. Ó âiäïî-
âiäíèõ òî÷êàõ ãðàôiê ôóíêöi¨ ìà¹ âåðòèêàëüíó äîòè÷íó.

Ó òî÷öi c îäíîái÷íi ïîõiäíi ¹ íåñêií÷åííî âåëèêèìè âåëè÷èíàìè ðiçíèõ çíà-
êiâ. Ó âiäïîâiäíié òî÷öi ãðàôiê ôóíêöi¨ ìà¹ äâi âåðòèêàëüíi äîòè÷íi, ùî çëèëè-
ñÿ.

Â òî÷êàõ a, b, b1 i c ôóíêöiÿ y = f(x) íåïåðåðâíà, àëå íå äèôåðåíöiþ¹ìà.
Äëÿ áåçïîñåðåäíüîãî çíàõîäæåííÿ ïîõiäíî¨ y′ âiä ôóíêöi¨ y = f(x) òðåáà

âèêîíàòè íàñòóïíi äi¨.
I. Íàäà¹ìî àðãóìåíòó x äîâiëüíèé ïðèðiñò ∆x i, ïiäñòàâëÿþ÷è ó äàíèé âèðàç

ôóíêöi¨ çàìiñòü x íàðîùåíå çíà÷åííÿ x + ∆x, çíàõîäèìî íàðîùåíå çíà÷åííÿ
ôóíêöi¨:

y +∆y = f(x+∆x).

II. Âiäíiìàþ÷è ç íàðîùåíîãî çíà÷åííÿ ôóíêöi¨ ¨¨ ïî÷àòêîâå çíà÷åííÿ, çíà-
õîäèìî çáiëüøåííÿ ôóíêöi¨:

∆y = f(x+∆x)− f(x).

III. Äiëèìî ïðèðiñò ôóíêöi¨ íà ïðèðiñò àðãóìåíòó, òîáòî ñêëàäà¹ìî âiäíî-
øåííÿ

∆y

∆x
=
f(x+∆x)− f(x)

∆x
.

IV. Øóêà¹ìî ãðàíèöþ öüîãî âiäíîøåííÿ ïðè ∆x → 0. Öÿ ãðàíèöÿ i äà¹
øóêàíó ïîõiäíó y′ âiä ôóíêöi¨ y = f(x).

Ïðèêëàä 1. Çíàéòè ïîõiäíó ôóíêöi¨ y = 4x2 − 3x.
Ðîçâ'ÿçîê. Çíàõîäèìî ïîêðîêîâî:

I. y +∆y = 4 (x+∆x)2 − 3 (x+∆x) = 4x2 + 8x∆x+ 4∆x2 − 3x− 3∆x.
II. ∆y = (4x2 + 8x∆x+ 4∆x2 − 3x− 3∆x)− (4x2 − 3x) = 8x∆x+ 4∆x2 − 3∆x.

III.
∆y

∆x
=

8x∆x+ 4∆x2 − 3∆x

∆x
= 8x+ 4∆x− 3.

IV. lim
∆x→0

∆y

∆x
= lim

∆x→0
(8x+ 4∆x− 3) = 8x− 3.

Îòæå,
dy

dx
=
d (4x2 − 3x)

dx
= 8x− 3.

Ïðèêëàä 2. Çíàéòè ïîõiäíó ôóíêöi¨ y =
1

x
.

Ðîçâ'ÿçîê. Çíàõîäèìî ïîêðîêîâî:

I. y +∆y =
1

x+∆x
.

II. ∆y =
1

x+∆x
− 1

x
= − ∆x

x (x+∆x)
.

III.
∆y

∆x
= − 1

x (x+∆x)
.

IV. lim
∆x→0

∆y

∆x
= lim

∆x→0

[
− 1

x (x+∆x)

]
= − 1

x2
.
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Îòæå,

(
1

x

)′
= − 1

x2
.

Ïðèêëàä 3. Çíàéòè ïîõiäíó ôóíêöi¨ y =
√
x.

Ðîçâ'ÿçîê. Çíàõîäèìî ïîêðîêîâî:
I. y +∆y =

√
x+∆x.

II. ∆y =
√
x+∆x−

√
x.

III.
∆y

∆x
=

√
x+∆x−

√
x

∆x
.

IV. lim
∆x→0

∆y

∆x
= lim

∆x→0

√
x+∆x−

√
x

∆x
=

= lim
∆x→0

(
√
x+∆x−

√
x) (

√
x+∆x+

√
x)

∆x (
√
x+∆x+

√
x)

= lim
∆x→0

x+∆x− x

∆x (
√
x+∆x+

√
x
=

1

2
√
x
.

Îòæå, (
√
x)′ =

1

2
√
x
.

Ïðèêëàä 4. Çíàéòè ïîõiäíó ôóíêöi¨ y = cos 3x.
Ðîçâ'ÿçîê. Çíàõîäèìî ïîêðîêîâî:

I. y +∆y = cos 3 (x+∆x).

II. ∆y = cos 3 (x+∆x)− cos 3x = −2 sin

(
3x+

3

2
∆x

)
sin

3

2
∆x.

III.
∆y

∆x
= −

2 sin

(
3x+

3

2
∆x

)
sin

3

2
∆x

∆x
.

IV. lim
∆x→0

∆y

∆x
= −2 lim

∆x→0
sin

(
3x+

3

2
∆x

)
· lim
∆x→0

sin
3

2
∆x

∆x
=

= −2 sin 3x · 3
2
= −3 sin 3x.

Îòæå, y′ = −3 sin 3x.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè ïîõiäíi íàñòóïíèõ ôóíêöié:
1. y = x2 + 5x− 1. 2. y = x3 + 1.

3. y =
1

x2
. 4. y =

1

x2 + 2
.

5. y =
1√
x
. 6. y =

1
3
√
x
.

7. y =
√
4x+ 1. 8. y =

√
x2 − 3.

9. y = sin 3x. 10. y = tg 2x.
11. y = sin2 x. 12. y = tg2 x.
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1.2 Ïðàâèëà äèôåðåíöiþâàííÿ.

Ïîõiäíi íàéïðîñòiøèõ àëãåáðà¨÷íèõ

òà òðèãîíîìåòðè÷íèõ ôóíêöié

Íà ïðàêòèöi ïîõiäíi áiëüø-ìåíø ñêëàäíèõ ôóíêöié çíàõîäÿòü çà ôîðìóëà-
ìè äèôåðåíöiþâàííÿ, à íå ðîçøóêóþòü çà äîïîìîãîþ ãðàíè÷íîãî ïåðåõîäó, ÿê
öå ðîáèòüñÿ äëÿ åëåìåíòàðíèõ ôóíêöié. Òîìó äëÿ åëåìåíòàðíèõ ôóíêöié äàëi
ùå ðîçãëÿäà¹òüñÿ îäåðæàííÿ ¨õíiõ ïîõiäíèõ, ïîâíèé ñïèñîê ÿêèõ íàâåäåíèé ó
äîäàòêàõ, àëå ñïî÷àòêó çãàäà¹ìî íàéïðîñòiøi ôîðìóëè äèôåðåíöiþâàííÿ:

1) (c)′ = 0, òóò i äàëi c � ñòàëà;
2) (u + v)′ = u′ + v′, (u − v)′ = u′ − v′ àáî (u + v − w)′ = u′ + v′ − w′, òóò i

äàëi u, v, w � äîâiëüíi ôóíêöi¨;
3) (uv)′ = u′v + v′u;
4) (cu)′ = cu′;
5) (uvw)′ = u′vw + uv′w + uvw′;

6)
(u
v

)′
=
u′v − v′u

v2
;

7)
(u
c

)′
=
u′

c
;

8)
( c
v

)′
= −cv

′

v2
.

Ùîá çíàéòè ïîõiäíó ñòåïåíåâî¨ ôóíêöi¨ y = xn ó âèïàäêó êîëè n � öiëå äî-
äàòíå ÷èñëî ìîæíà ñêîðèñòàòèñü ðîçêëàäåííÿì çà ôîðìóëîþ áiíîìó Íüþòîíà.

∆y = (x+∆x)n − xn =

=

[
xn + nxn−1∆x+

n (n− 1)

2
xn−2 (∆x)2 + . . .+ (∆x)n

]
− xn =

= nxn−1∆x+
n (n− 1)

2
xn−2 (∆x)2 + . . .+ (∆x)n.

Îòæå, ïðè ∆x ̸= 0

∆y

∆x
= nxn−1 +

n (n− 1)

2
xn−2∆x+ . . .+ (∆x)n−1.

Òîäi, ïåðåõîäÿ÷è äî ãðàíèöi, çíàõîäèìî

(xn)′ = nxn−1.

Ïîõiäíi âiä ôóíêöié sinx i cosx ðîçøóêóþòüñÿ àíàëîãi÷íî ïðèêëàäó 4 ç
ïîïåðåäíüîãî ïóíêòó. Îñòàòî÷íî ìà¹ìî

(sinx)′ = cosx,

(cosx)′ = − sinx.
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Ïîõiäíi âiä ôóíêöié

tg x =
sinx

cosx
, ctg x =

cosx

sinx

ìîæíà çíàõîäèòè çà ôîðìóëîþ äèôåðåíöiþâàííÿ ÷àñòêè (ôîðìóëà 6)).

(tg x)′ =
(sinx)′ cosx− (cosx)′ sinx

cos2 x
=

1

cos2 x
,

(ctg x)′ =
(cosx)′ sinx− (sinx)′ cosx

sin2 x
= − 1

sin2 x
.

Ïðèêëàä 1. Çíàéòè ïîõiäíó ôóíêöi¨ y = x2 − 4x+ 5.
Ðîçâ'ÿçîê. Çíàõîäèìî

y′ = (x2 − 4x+ 5)′ = (x2)′ − (4x)′ + (5)′ = 2x− 4 · 1 + 0 = 2x− 4.

Ïðèêëàä 2. Çíàéòè ïîõiäíó ôóíêöi¨ y =
√
x− 1

x2
+

1
3
√
x
.

Ðîçâ'ÿçîê. Ïåðåïèøåìî äàíó ôóíêöiþ, âèêîðèñòîâóþ÷è äðîáîâi òà âiä'¹ìíi
ïîêàçíèêè:

y = x
1
2 − x−2 + x−

1
3 .

Òåïåð äèôåðåíöiþ¹ìî:

y′ =
1

2
x−

1
2 − (−2)x−3 − 1

3
x−

4
3 =

1

2
√
x
+

2

x3
− 1

3
3√
x4
.

Ïðèêëàä 3. Çíàéòè ïîõiäíó ôóíêöi¨ y = x3
(
1− x

5
+ 2x5

)
.

Ðîçâ'ÿçîê. 1-é ñïîñiá. Äèôåðåíöiþ¹ìî çà ôîðìóëîþ ïîõiäíî¨ äîáóòêó:

y′ = (x3)′
(
1− x

5
+ 2x5

)
+ x3

(
1− x

5
+ 2x5

)′
=

= 3x2
(
1− x

5
+ 2x5

)
+ x3

(
−1

5
+ 10x4

)
= 3x2 − 4

5
x3 + 16x7.

2-é ñïîñiá. Ñïî÷àòêó ðîçêðèâà¹ìî äóæêè, à ïîòiì äèôåðåíöiþ¹ìî:

y = x3 − x4

5
+ 2x8; y′ = 3x2 − 4

5
x3 + 16x7.

Ïðèêëàä 4. Çíàéòè ïîõiäíó ôóíêöi¨ y =
x2

x2 + 1
.

Ðîçâ'ÿçîê. Êîðèñòóþ÷èñü ôîðìóëîþ äëÿ ïîõiäíî¨ ÷àñòêè, îäåðæó¹ìî

y′ =

(
x2

x2 + 1

)′

=
(x2)′ (x2 + 1)− (x2 + 1)′ x2

(x2 + 1)2
=



9

=
2x (x2 + 1)− 2x · x2

(x2 + 1)2
=

2x3 + 2x− 2x3

(x2 + 1)2
=

2x

(x2 + 1)2
.

Ïðèêëàä 5. Çíàéòè ïîõiäíó ôóíêöi¨ f(t) =
10ab

a sin t+ b cos t
.

Ðîçâ'ÿçîê. Çíîâ äèôåðåíöiþ¹ìî ÿê ïîõiäíó ÷àñòêè

f ′(t) =

(
10ab

a sin t+ b cos t

)′
=

0 · (a sin t+ b cos t)− 10ab (a sin t+ b cos t)′

(a sin t+ b cos t)2
=

= −10ab · a cos t− b sin t

(a sin t+ b cos t)2
.

Ïðèêëàä 6. Çíàéòè ïîõiäíó ôóíêöi¨ f(α) =
cosα tgα

1 + 2a
.

Ðîçâ'ÿçîê. Äèôåðåíöiþ¹ìî, âðàõîâóþ÷è ùî çíàìåííèê ¹ ëèøå êîåôiöi¹íòîì:

f ′(α) =
(cosα tgα)′

1 + 2a
=

1

1 + 2a
[(cosα)′ tgα + cosα · (tgα)′] =

=
1

1 + 2a

(
− sinα · tgα + cosα · 1

cos2 α

)
=

1

1 + 2a

(
− sin2 α

cosα
+

1

cosα

)
=

=
1− sin2 α

(1 + 2a) cosα
=

cos2 α

(1 + 2a) cosα
=

cosα

1 + 2a
.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè ïîõiäíi íàñòóïíèõ ôóíêöié:

1. y = x+ 2x3 − x2

2
. 2. y = x− 3

√
x.

3. y = (
√
x−

√
a)2. 4. y =

1

x
+

1

x2
.

5. z = 3 3
√
x− 2

√
x3 + 1. 6. u =

2t

t+ 3
.

7. y =

3√
x2 + 3x5 − 4

7
√
x+ 2x− 1

. 8. z =
x2 − 3

x2 + 3
.

9. y =
1− x3

1− x5
. 10. y =

2

(1− x2) (1 + x4)
.

11. y = x2 sinx. 12. r =
1 + cosφ

sinφ
.

1.3 Ïîõiäíà ñêëàäåíî¨ ôóíêöi¨

ßêùî y = f(u) äå u = φ(x), òîáòî ÿêùî y çàëåæèòü âiä x ÷åðåç ïðîìiæíèé
àðãóìåíò u, òî y íàçèâà¹òüñÿ ñêëàäåíîþ ôóêöi¹þ âiä x.
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Ïîõiäíà ñêëàäåíî¨ ôóíêöi¨ äîðiâíþ¹ äîáóòêó ¨¨ ïîõiäíî¨ ïî ïðîìiæíîìó àð-
ãóìåíòó íà ïîõiäíó öüîãî àðãóìåíòó ïî íåçàëåæíié çìiííié:

dy

dx
=
dy

du
· du
dx

àáî y′ = f ′(u) · u′(x).

Ôîðìóëè, îäåðæàíi â ïîïåðåäíüîìó ïóíêòi, ó âèïàäêó ñêëàäåíî¨ ôóíêöi¨ òîäi
òðåáà ïåðåïèñàòè ó íàñòóïíîìó âèãëÿäi:

(un)′ = nun−1 · u′;

(sinu)′ = cosu · u′;
(cosu)′ = − sinu · u′;

(tg u)′ =
u′

cos2 u
;

(ctg u)′ = − u′

sin2 u
.

Ïðèêëàä 1. Çíàéòè ïîõiäíó ôóíêöi¨ y = (1 + 3x)5.
Ðîçâ'ÿçîê. Ââàæàþ÷è y = u5, äå u = 1+3x, òà çàñòîñîâóþ÷è ïðàâèëî äèôå-

ðåíöiþâàííÿ ñêëàäåíî¨ ôóíêöi¨, ìà¹ìî:

dy

du
= 5u4;

du

dx
= 3;

dy

dx
=
dy

du
· du
dx

= 5u4 · 3 = 15 (1 + 3x)4.

Ïðèêëàä 2. Çíàéòè ïîõiäíó ôóíêöi¨ y = sin 3x.
Ðîçâ'ÿçîê. Ââàæàþ÷è 3x = u, çíàõîäèìî

y′ = (sin 3x)′ = (sinu)′ = cosu · u′ = 3 cos 3x.

Ïðèêëàä 3. Çíàéòè ïîõiäíó ôóíêöi¨ y = sin2 x.
Ðîçâ'ÿçîê. Ââàæàþ÷è sinx = u, îäåðæèìî

y′ = (sin2 x)′ = (u2)′ = 2u · u′ = 2 sin x · cosx = sin 2x.

Ïðèêëàä 4. Çíàéòè ïîõiäíó ôóíêöi¨ y = cosx2.
Ðîçâ'ÿçîê. Ââàæàþ÷è x2 = u, çíàõîäèìî

y′ = (cosx2)′ = (cosu)′ = − sinu · u′ = −2x sinx2.

Ïðèêëàä 5. Çíàéòè ïîõiäíó ôóíêöi¨ y =
3√
1 + x4.

Ðîçâ'ÿçîê. Ââàæà¹ìî, ùî 1 + x4 = u. Òîäi ìà¹ìî

(
3
√

1 + x4)′ = (
3√
u)′ = (u

1
3 )′ =

1

3
u−

2
3 u′ =

=
1

3
(1 + x4)−

2
3 · 4x3 = 4x3

3 3
√

(1 + x4)2
.
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Ïðîìiæíèé àðãóìåíò ìîæíà íå ââîäèòè ÿâíî. Ïðè öüîìó òðåáà ïðîäîâæóâà-
òè äèôåðåíöiþâàòè i äîìíîæóâàòè íà ðåçóëüàò öüîãî äèôåðåíöiþâàííÿ, ÿêùî
ïîòî÷íèé àðãóìåíò ¹ ôóíêöi¹þ. Òîäi öåé ïðèêëàä ìîæíà ïðåäñòàâèòè òàêèì
÷èíîì:

(
3
√

1 + x4)′ =
[
(1 + x4)

1
3

]′
=

1

3
(1 + x4)−

2
3 (1 + x4)′ =

4x3

3 3
√

(1 + x4)2
.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè ïîõiäíi íàñòóïíèõ ôóíêöié:
1. y = (1 + 3x)5. 2. y = (2 + 5x)3.
3. y = cos(2x− 1). 4. y = sin(4x+ 1).
5. y = tg

√
x. 6. y = sin4 5x.

7. z =
√
x+

√
x. 8. r = 2 sin2

φ

2
.

9. z =
1

(1 + cos 2y)3
. 10. y =

1

3
tg3 z − tg z + z.

11. y =
sinx

2 cos2 x
. 12. y = sin(cosx) + cos(sin x).

1.4 Ïîõiäíi ëîãàðèôìè÷íèõ òà ïîêàçîâèõ ôóíêöié

Çíàéäåìî ïîõiäíó ôóíêöi¨ y = loga x (0 < a ̸= 1). Äëÿ áóäü-ÿêî¨ òî÷êè x > 0,
ââàæàþ÷è, ùî |∆x| < x, ìîæåìî çàïèñàòè:

∆y = loga(x+∆x)− loga x = loga
x+∆x

x
= loga

(
1 +

∆x

x

)
.

Îòæå, ïðè ∆x ̸= 0

∆y

∆x
=

1

∆x
loga

(
1 +

∆x

x

)
= loga

[(
1 +

∆x

x

)1/∆x
]
=

1

x
loga

[(
1 +

∆x

x

)x/∆x
]
.

Âèðàç â êâàäðàòíèõ äóæêàõ ìà¹ ïðè ∆x → 0 (ïðè áóäü-ÿêîìó ôiêñîâàíîìó
çíà÷åííi x) ãðàíè÷íå çíà÷åííÿ, ùî äîðiâíþ¹ e. Òîäi íà ïiäñòàâi íåïåðåðâíîñòi
ôóíêöi¨ y = loga x â òî÷öi x = e âèòiêà¹ iñíóâàííÿ ãðàíè÷íîãî çíà÷åííÿ (ïðè

∆x → 0) ïðàâî¨ ÷àñèòèíè â öüîìó ðiâíÿííi, ùî äîðiâíþ¹
1

x
loga e. Çà âèçíà-

÷åííÿì ïîõiäíî¨ öå ãðàíè÷íå çíà÷åííÿ äîðiâíþ¹ ïîõiäíié ôóíêöi¨ y = loga x,
òîáòî

(loga x)
′ =

1

x
loga e

(äëÿ âñiõ çíà÷åíü x > 0). Ó ÷àñòèííîìó âèïàäêó a = e îäåðæèìî

(lnx)′ =
1

x
.
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Ïîêàçîâà ôóíêöiÿ y = ax (0 < a ̸= 1), ùî âèçíà÷åíà íà íåñêií÷åíié ïðÿìié, ¹
çâîðîòíîþ äëÿ ëîãàðèôìi÷íî¨ ôóíêöi¨ x = loga y, ÿêà âèçíà÷åíà íà íàïiâïðÿìié
y > 0. Òîäi ó âiäïîâiäíîñòi äî òåîðåìè ïðî ïîõiäíó çâîðîòíî¨ ôóíêöi¨ çíàõîäèìî

(ax)′ =
1

(loga y)
′ =

1
1

y
loga e

=
y

loga e
.

Ç öi¹¨ ôîðìóëè, âðàõîâó÷è loga b =
1

logb a
àáî loga b = loga e · ln b i òå, ùî y = ax,

çíàõîäèìî
(ax)′ = ax ln a.

Ó ÷àñòèííîììó âèïàäêó a = e öÿ ôîðìóëà ïðèéìà¹ âèãëÿä (ex)′ = ex

Çàïèøåìî âiäïîâiäíi ïîõiäíi äëÿ ñêëàäåíèõ ôóíêöié:

(loga u)
′ =

u′

u
loga e;

(lnu)′ =
u′

u
;

(au)′ = au ln a · u′;
(eu)′ = eu u′.

Ïðèêëàä 1. Çíàéòè ïîõiäíó ôóíêöi¨ y = x3 3x.
Ðîçâ'ÿçîê. Çíàõîäèìî

y′ = (x3)′ 3x + x3 (3x) = 3x2 3x + x3 3x ln 3 = x2 3x (3 + x ln 3).

Ïðèêëàä 2. Çíàéòè ïîõiäíó ôóíêöi¨ y =
x√
2 +

1

35x
+ 5

√
x.

Ðîçâ'ÿçîê. Ââîäèìî äðîáîâi òà âiä'¹ìíi ïîêàçíèêè òà äèôåðåíöiþ¹ìî:

y′ =
(
2

1
x + 3−5x + 5x

1
2

)′
=

= 2
1
x ln 2 ·

(
1

x

)′
+ 3−5x ln 3 · (−5x)′ + 5x

1
2 ln 5 ·

(
x

1
2

)′
=

= − 1

x2
· 2

1
x ln 2− 5 · 3−5x ln 3 +

1

2
x−

1
25x

1
2 ln 5,

ùî ìîæíà ïåðåïèñàòè ó âèãëÿäi

y′ = −
x√
2

x2
ln 2− 5 · 3−5x ln 3 +

1

2
· 5

√
x

√
x
ln 5.

Ïðèêëàä 3. Çíàéòè ïîõiäíó ôóíêöi¨ y = ln sin 3x.
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Ðîçâ'ÿçîê. Ìà¹ìî

y′ =
(sin 3x)′

sin 3x
=

3 cos 3x

sin 3x
= 3 ctg 3x.

Ïðèêëàä 4. Çíàéòè ïîõiäíó ôóíêöi¨ y = x3 cosx lnx.
Ðîçâ'ÿçîê. Çíàõîäèìî

y′ = (x3)′ cosx lnx+ x3(cosx)′ lnx+ x3 cosx (lnx)′ =

= 3x2 cosx lnx− x3 sinx lnx+ x3 cosx · 1
x
=

= 3x2 cosx lnx− x3 sinx lnx+ x2 cosx.

Ïðèêëàä 5. Çíàéòè ïîõiäíó ôóíêöi¨ y = ex
2

.
Ðîçâ'ÿçîê. Çíàõîäèìî

y′ = (ex
2

)′ = ex
2

(x2)′ = 2xex
2

.

Ïðèêëàä 6. Çíàéòè ïîõiäíó ôóíêöi¨ y = ln
3

√
(x2 + 1)4 (2x− 1)5

(5x3 + 1)2 etg 3x
.

Ðîçâ'ÿçîê.Ëîãàðèôìóþ÷è òà âèêîðèñòîâóþ÷è âëàñòèâîñòi ëîãàðèôìiâ, îäåð-
æó¹ìî

y =
4

3
ln(x2 + 1) +

5

3
ln(2x− 1)− 2

3
ln(5x3 + 1)− 1

3
tg 3x.

Äèôåðåíöþþþ÷è, çíàõîäèìî

y′ =
4

3
· 2x

x2 + 1
+

5

3
· 2

2x− 1
− 2

3
· 15x2

5x3 + 1
− 1

3
· 3

cos2 3x

àáî

y′ =
8x

3 (x2 + 1)
+

10

3 (2x− 1)
− 10x2

5x3 + 1
− 1

cos2 3x
.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè ïîõiäíi íàñòóïíèõ ôóíêöié:
1. y = 2x + 23x. 2. y = xx

2 − e−x2

.
3. y = 3

√
x e−x. 4. x = eaφ sin bφ.

5. y =
ex + e−x

ex − e−x
. 6. y = ln(ax2 + bx+ c).

7. y = 2tg(
1
x) + esinx

2

. 8. y =
1

2
ln tg

x2

2
− cosx

2 sin2 x
.

9. y = cos2 x− 2 ln cosx. 10. y = x (1− lnx).

11. u = ln
x2

1− x2
. 12. v = ln

√
1 + x

1− x
.

13. y =
sinx

2 cos2 x
− 1

2
ln tg

(π
4
+
x

2

)
. 14. y =

ex cosx

sinx2
.

15. y = ln2 cos2(4x− 1). 16. y = cos3 x3 − ex
2

tg x.
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1.5 Ïîõiäíi îáåðíåíèõ òðèãîíîìåòðè÷íèõ ôóíêöié

Ôóíêöiÿ y = arcsinx âèçíà÷åíà íà iíòåðâàëi −1 < x < +1 i ¹ çâîðîòíîþ
äëÿ ôóíêöi¨ x = sin y, ùî âèçíà÷åíà íà iíòåðâàëi −π

2
< y < +

π

2
. Âiäïîâiäíî ç

òåîðåìîþ ïðî ïîõiäíó çâîðîòíî¨ ôóíêöi¨ çíàõîäèìî:

(arcsinx)′ =
1

(sin y)′
=

1

cos y
=

1√
1− sin2 y

=
1√

1− x2
.

Àíàëîãi÷íî äëÿ ôóíêöi¨ y = arccosx (çâîðîòíà ôóíêöiÿ x = cos y âèçíà÷åíà íà
iíòåðâàëi 0 < y < π) ìà¹ìî

(arccosx)′ =
1

(cos y)′
= − 1

sin y
= − 1√

1− cos2 y
= − 1√

1− x2
.

Äëÿ ôóíêöi¨ y = arctg x, âèçíà÷åíî¨ íà íåñêií÷åíié ïðÿìié −∞ < x < +∞,
çâîðîòíîþ ôóíêöi¹þ ¹ x = tg y, ùî âèçíà÷åíà íà iíòåðâàëi −π

2
< y < +

π

2
. Òîäi

çíàõîäèìî

(arctg x)′ =
1

(tg y)′
=

1

1/ cos2 y
=

1

1 + tg2 y
=

1

1 + x2
.

Àíàëîãi÷íî äëÿ ôóíêöi¨ y = arcctg x (çâîðîòíà ôóíêöiÿ x = ctg y âèçíà÷åíà íà
iíòåðâàëi 0 < y < π) ìà¹ìî

(arcctg x)′ =
1

(ctg y)′
= − 1

1/ sin2 y
= − 1

1 + ctg2 y
= − 1

1 + x2
.

Çàïèøåìî âiäïîâiäíi ïîõiäíi äëÿ ñêëàäåíèõ ôóíêöié:

(arcsinu)′ =
u′√

1− x2
;

(arccosu)′ = − u′√
1− x2

;

(arctg u)′ =
u′

1 + x2
;

(arcctg u)′ = − u′

1 + x2
.

Ïðèêëàä 1. Çíàéòè ïîõiäíó ôóíêöi¨ y = 3arcsin 5x+ 5arccos 3x.
Ðîçâ'ÿçîê. Çíàõîäèìî

y′ = 3 · (5x)′√
1− (5x)2

+ 5 ·

[
− (3x)′√

1− (3x)2

]
=

15√
1− 25x2

− 15√
1− 9x2

.
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Ïðèêëàä 2. Çíàéòè ïîõiäíó ôóíêöi¨ y = 2arcsin 2x+ arccos 2x.
Ðîçâ'ÿçîê. Ìà¹ìî

y′ = 2 · (2x)′√
1− (2x)2

− (2x)′√
1− (2x)2

=
2 · 2√
1− 4x2

− 2√
1− 4x2

=
2√

1− 4x2
.

Ïðèêëàä 3. Çíàéòè ïîõiäíó ôóíêöi¨ y = arcsin
a

x
− arcctg

x

a
.

Ðîçâ'ÿçîê. Çíàõîäèìî

y′ =

(a
x

)′

√
1− a2

x2

−

−
(x
a

)′

1 +
x2

a2

 =
− a

x2√
x2 − a2

x2

+

1

a
a2 + x2

a2

=
a

a2 + x2
− a

|x|
√
x2 − a2

,

òàê ÿê
√
x2 äîðiâíþ¹ |x| i x ̸= 0.

Ïðèêëàä 4. Çíàéòè ïîõiäíó ôóíêöi¨ r = arctg
m

φ
+ arctg(m tgφ).

Ðîçâ'ÿçîê. Ìà¹ìî

r′ =

(
m

φ

)′

1 +
m2

φ2

+
(m tgφ)′

1 +m2 tg2 φ
=

−m

φ2

φ2 +m2

φ2

+

m

cos2 φ

1 +m2 tg2 φ
=

= − m

φ2 +m2
+

m

cos2 φ+m2 sin2 φ
.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè ïîõiäíi íàñòóïíèõ ôóíêöié:

1. y = arcsin
√
x. 2. y = arcctg

1

x
.

3. y = arctg
2x

1− x2
. 4. r = arccos

1

φ2
.

5. y = arccos
1

2x
. 6. y = x arccosx−

√
1− x2.

7. y = earctg
3
√
x+4. 8. y = ln2 arcsin3

√
x.

9. y = arcsin3[ln2(ex
2

+ 1)]. 10. y = x = φ arctgφ− ln
√
1 + φ2.

11. y = arctg
a+ x

1− ax
. 12. y = x

√
1− x2 + arctg

x√
1− x2

.

1.6 Ëîãàðèôìi÷íå äèôåðåíöiþâàííÿ

Äåÿêi ôóíêöi¨ ïåðåä äèôåðåíöiþâàííÿì ìîæíà ïðîëîãàðèôìóâàòè, ùî ìîæå
çíà÷íî ñïðîñòèòè ïîøóê ïîõiäíî¨.

ßêùî òðåáà çíàéòè y′ ðiâíÿííÿ y = f(x), òî âèêîíó¹ìî íàñòóïíi êðîêè:
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1) ëîãàðèôìó¹ìî îáèäâi ñòîðîíè ðiâíÿííÿ:

ln y = ln f(x) = φ(x);

2) äèôåðåíöiþ¹ìî îáèäâi ñòîðîíè îäåðæàíî¨ ðiâíîñòi, äå ln y ¹ ñêëàäíîþ
ôóíêöi¹þ âiä x:

y′

y
= φ′(x);

3) çàìiíþ¹ìî y éîãî âèðàçîì ÷åðåç x i âèçíà÷à¹ìî y′:

y′ = yφ′(x) = f(x)φ′(x).

Ëîãàðèôìi÷íå äèôåðåíöiþâàííÿ çðó÷íî çàñòîñîâóâàòè, êîëè çàäàíà ôóí-
êöiÿ ìiñòèòü îïåðàöi¨, ùî ëîãàðèôìóþòüñÿ (ìíîæåííÿ, äiëåííÿ, çâåäåííÿ ó ñòó-
ïiíü, çíàõîäæåííÿ êîðåíÿ) i, çîêðåìà, äëÿ çíàõîäæåííÿ ïîõiäíî¨ âiä ïîêàçîâî-
ñòóïåíåâî¨ ôóíêöi¨ y = uv, äå u i v � ôóíêöi¨ âiä x.

Ïðèêëàä 1. Çíàéòè ïîõiäíó ôóíêöi¨ y = xx.
Ðîçâ'ÿçîê. Ìà¹ìî
1) ln y = x lnx;

2)
y′

y
= x′ lnx+ x (lnx)′ = lnx+ x · 1

x
= lnx+ 1;

3) y′ = y (1 + ln x) = xx (1 + ln x).

Ïðèêëàä 2. Çíàéòè ïîõiäíó ôóíêöi¨ y =
2t√
1− t2

.

Ðîçâ'ÿçîê. Ìà¹ìî

1) ln y = ln2 + ln t− 1

2
ln(1− t2);

2)
y′

y
=

1

t
− 1

2
· −2t

1− t2
=

1

t
+

t

1− t2
=

1

t (1− t2)
;

3) y′ =
y

t (1− t2)
=

2t

t (1− t2)
√
1− t2

=
2√

(1− t2)3
.

Ïðèêëàä 3. Çíàéòè ïîõiäíó ôóíêöi¨ y = (cosx)sinx.
Ðîçâ'ÿçîê. Ìà¹ìî
1) ln y = sinx · ln cosx;

2)
y′

y
= cosx · ln cosx− sin2 x

cosx
;

3) y′ = (cosx)sinx
(
cosx · ln cosx− sin2 x

cosx

)
.

Ïðèêëàä 4. Çíàéòè ïîõiäíó ôóíêöi¨ y = (x− 1)
3
√

(x+ 1)2 (x− 2).
Ðîçâ'ÿçîê. Ìà¹ìî

1) ln y = ln(x− 1) +
2

3
ln(x+ 1) +

1

3
ln(x− 2);

2)
y′

y
=

1

x− 1
+

2

3 (x+ 1)
+

1

3 (x− 2)
=

2x2 − 3x− 1

(x2 − 1) (x− 2)
;
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3) y′ =
2x2 − 3x− 1

(x2 − 1) (x− 2)
(x− 1)

3
√
(x+ 1)2 (x− 2).

Ïðèêëàä 5. Çíàéòè ïîõiäíó ôóíêöi¨ y =
5

√
esin

4 x (x3 + 6x− 1)2

(x4 − 5x2 + 3)4
.

Ðîçâ'ÿçîê. Ìà¹ìî

1) ln y =
1

5
sin 4x+

2

5
ln(x3 + 6x− 1)− 4

5
ln(x4 − 5x2 + 3);

2)
y′

y
=

4

5
cos 4x+

6x2 + 12

5 (x3 + 6x− 1)
− 16x3 − 40x

5 (x4 − 5x2 + 3)
;

3) y′ =
5

√
esin

4 x (x3 + 6x− 1)2

(x4 − 5x2 + 3)4

[
4

5
cos 4x+

6x2 + 12

5 (x3 + 6x− 1)
− 16x3 − 40x

5 (x4 − 5x2 + 3)

]
.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè ïîõiäíi íàñòóïíèõ ôóíêöié:
1. y = (x2 + 1)2x. 2. y = (cosx)

1
x .

3. y = (x+ 1)
1

sin x . 4. y = x
x

ln2 x .

5. y =
x
√

(2x sinx+ 1)2. 6. y = xsinx.

7. y =
(x
a

)ax

. 8. r = (sinφ)φ.

9. y =
x√
x. 10. r = φeφ.

11. y =
(1 + t2

(2 + t)3 (3 + t)4
. 12. y =

√
(1 + x)2√

(2 + x) (3 + x)
.

13. y =
x (x2 + 1)√

1− x2
. 14. y =

3

√
x (1 + x2)

(1− x)2
.

15. y = xx
2

. 16. y = xx
x

.

1.7 Ïîõiäíi âèùèõ ïîðÿäêiâ

ßêøî y′ � ïîõiäíà âiä ôóíêöi¨ y = f(x), òî ïîõiäíà âiä y′ íàçèâà¹òüñÿ äðóãîþ
ïîõiäíîþ, àáî ïîõiäíîþ äðóãîãî ïîðÿäêó âiä ïî÷àòêîâî¨ ôóíêöi¨ y, i ïîçíà÷à¹-

òüñÿ y′′, àáî f ′′(x), àáî
d2y

dx2
.

Àíàëîãi÷íî âèçíà÷àþòüñÿ òà ïîçà÷àþòüñÿ ïîõiäíi áóäü-ÿêîãî ïîðÿäêó:

ïîõiäíà òðåòüîãî ïîðÿäêó: (y′′)′ = y′′′ = f ′′′(x) =
d3y

dx3
;

ïîõiäíà ÷åòâåðòîãî ïîðÿäêó: (y′′′)′ = y(4) = f (4)(x) =
d4y

dx4
;

. . .;

ïîõiäíà n-ãî ïîðÿäêó: (y(n−1))′ = y(n) = f (n)(x) =
dny

dxn
.
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Äëÿ çíàõîäæåííÿ ïîõiäíî¨ áóäü-ÿêîãî âèùîãî ïîðÿäêó äàíî¨ ôóíêöi¨ òðåáà
ïîñëiäîâíî çíàõîäèòè âñi ïîõiäíi íèæ÷èõ ïîðÿäêiâ.

Äëÿ äîáóòêó äâîõ ôóíêöié ìîæíà îäåðæàòè ïîõiäíó áóäü-ÿêîãî n-ãî ïîðÿä-
êó, êîðèñòóþ÷èñü ôîðìóëîþ Ëåéáíiöÿ:

(uv)(n) = (u)(n)v + nu(n−1)v′ +
n (n− 1)

2!
u(n−2)vn + · · ·+

+ u(n−k)v(k) + · · ·+ uv(n).

Â äåÿêèõ iíøèõ âèïàäêàõ òåæ ìîæíà ÿâíî çàïèñàòè ôîðìóëè äëÿ ïîõiäíèõ
âèùîãî ïîðÿäêó. Íàâåäåìî äåÿêi ç íèõ.

(xα)(n) = α (α− 1) (α− 2) . . . (α− n+ 1)xα−n;

(ax)(n) = ax lnn a;

(ex)(n) = ex;

(sinx)(n) = sin
(
x+ n

π

2

)
;

(cosx)(n) = cos
(
x+ n

π

2

)
.

Ïðèêëàä 1. Çíàéòè ïîõiäíó y′′′ ôóíêöi¨ y = x5 − 3x3 + 1.
Ðîçâ'ÿçîê. Äèôåðåíöiþþ÷è ôóíêöiþ y, îäåðæèìî

(y)′ = y′ = 5x4 − 9x2.

Äèôåðåíöiþþ÷è ïîõiäíó y′, îëåðæèìî

(y′)′ = y′′ = 20x3 − 18x.

Äèôåðåíöiþþ÷è äðóãó ïîõiäíó y′′, îëåðæèìî

(y′′)′ = y′′′ = 60x2 − 18.

Ïðèêëàä 2. Çíàéòè ïîõiäíó y(5) ôóíêöi¨ y = lnx.
Ðîçâ'ÿçîê. Çíàõîäèìî ñïî÷àêó ïåðøó ïîõiäíó

y′ = (lnx)′ =
1

x
= x−1.

Äàëi ìà¹ìî

y′′ = −x−2; y′′′ = 2x−3; y(4) = −6x−4; y(5) = 24x−5 =
24

x5
.
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Ïðèêëàä 3. Çíàéòè ïîõiäíó y′′ ôóíêöi¨ y = arctg 3x.
Ðîçâ'ÿçîê. Áåçïîñåðåäíüî çíàõîäèìî

y′ = (arctg 3x)′ =
(3x)′

1 + (3x)2
=

3

1 + 9x2
;

y′′ = −2 (1 + 9x2)′

(1 + 9x2)2
= − 54x

(1 + 9x2)2
.

Ïðèêëàä 4. Çíàéòè ïîõiäíó y(12) ôóíêöi¨ y = ex (x2 − 1).
Ðîçâ'ÿçîê. Çàñòîñîâóþ÷è ôîðìóëó Ëåéáíiöÿ, îäåðæèìî

y(12) = [ex (x2 − 1)](12) =

= (ex)(12) (x2 − 1) + 12(ex)(11) (x2 − 1)′ +
12 · 11

2
(ex)(10) (x2 − 1)′′.

Âñi íàñòóïíi äîäàíêè äîðiâíþþòü íóëþ, áî âñi âèùi ïîõiäíi âiä ôóíêöi¨ x2−1,
ïî÷èíàþ÷è ç òðåòüî¨, òîòîæíüî äîðiâíþþòü íóëþ. Òàê ÿê ïîõiäíà áóäü ÿêîãî
ïîðÿäêó âiä ex ¹ ex, òî ìà¹ìî

y(12) = ex (x2 − 1) + 12ex · 2x+ 66ex · 2 = ex (x2 + 24x+ 131).

Ïðèêëàä 5. Çíàéòè ïîõiäíó y(k) ôóíêöi¨ y = xm.
Ðîçâ'ÿçîê. Äèôåðåíöiþþ÷è k ðàçiâ, îäåðæèìî:

y = xm; y′ = mxm−1; y′′ = m (m− 1)xm−2; . . . ;

y(k) = m (m− 1) . . . (m− k + 1)xm−k.

Çîêðåìà, ÿêùî m � öiëå äîäàòí¹ ÷èñëî, òî

y(m) = m! i y(m+1) = y(m+2) = . . . = 0.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

1. Çíàéòè ïîõiäíó y(4) ôóíêöi¨ y = x6 + e2x.
2. Çíàéòè ïîõiäíó y′′ ôóíêöi¨ y = x

√
1 + x2.

3. Çíàéòè ïîõiäíó y′′′ ôóíêöi¨ y = e−x2

.
4. Çíàéòè ïîõiäíó y′′′ ôóíêöi¨ y =

5√
x3.

5. Çíàéòè ïîõiäíó y(4) ôóíêöi¨ y = x sin2 x.
6. Çíàéòè ïîõiäíó y(20) ôóíêöi¨ y = x2 e2x.
7. Çíàéòè ïîõiäíó y(5) ôóíêöi¨ y = x lnx.
8. Çíàéòè ïîõiäíó y(4) ôóíêöi¨ y = ex cosx.
9. Çíàéòè ïîõiäíó y′′′ ôóíêöi¨ y = t2 + sin 5t.
10. Çíàéòè ïîõiäíó y′′′ ôóíêöi¨ y = x5 lnx.
11. Çíàéòè ïîõiäíó y(4) ôóíêöi¨ y = (2x− 1)5.
12. Çíàéòè ïîõiäíó y(n) ôóíêöi¨ y = a2x.
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1.8 Ïîõiäíi íåÿâíî¨ ôóíêöi¨

ßêùî y ¹ íåÿâíîþ ôóíêöi¹þ âiä x, òîáòî çàäàíà ðiâíÿííÿì f(x, y) = 0, ùî íå

âèðiøó¹òüñÿ âiäíîñíî y, òî äëÿ çíàõîäæåííÿ ïîõiäíî¨
dy

dx
òðåáà ïðîäèôåðåíöi-

þâàòè ïî x îáèäâi ÷àñòèíè ðiâíîñòi, ïàì'ÿòàþ÷è, ùî y ¹ ôóíêöi¹þ âiä x, i ïîòiì
ðîçâ'ÿçàòè îäåðæàíó ðiâíiñòü âiäíîñíî øóêàíî¨ ïîõiäíî¨. Âîíà, ÿê ïðàâèëî, áóäå

çàëåæàòè i âiä x, i âiä y:
dy

dx
= φ(x, y).

Äðóãó ïîõiäíó
d2y

dx2
âiä íåÿâíî¨ ôóíêöi¨ îäåðæó¹ìî, äèôåðåíöiþþ÷è ôóíêöiþ

φ(x, y) ïî çìiííié x i ïàì'ÿòàþ÷è ïðè öüîìó, ùî y ¹ ôóíêöi¹þ âiä x:

d2y

dx2
=
dφ(x, y)

dx
= F

(
x, y,

dy

dx

)
.

Çàìiíþþ÷è òóò
dy

dx
÷åðåç φ(x, y), îòðèìà¹ìî âèðàç äðóãî¨ ïîõiäíî¨ ÷åðåç x i

y:
d2y

dx2
= F [x, y, φ(x, y)] = ψ(x, y).

Òàê ñàìî i âñi âèùi ïîõiäíi âiä íåÿâíî¨ ôóíêöi¨ ìîæíà âèðàçèòè ëèøå ÷å-

ðåç x i y: ùîðàçó, êîëè ïðè äèôåðåíöiþâàííi ç'ÿâëÿ¹òüñÿ ïîõiäíà
dy

dx
, ¨ ¨ ñëiä

çàìiíþâàòè ÷åðåç φ(x, y).
Äî òîãî æ ðåçóëüòàòó ïðèâîäèòü ïîñëiäîâíå äèôåðåíöiþâàííÿ ðiâíîñòi

f(x, y) = 0

ç íàñòóïíèì âèêëþ÷åííÿì iç îòðèìàíî¨ ñèñòåìè âñiõ ïîõiäíèõ íèæ÷îãî ïîðÿäêó.

Ïðèêëàä 1. Çíàéòè ïîõiäíó
dy

dx
íåÿâíî¨ ôóíêöi¨

x2

a2
− y2

b2
= 1.

Ðîçâ'ÿçîê. Äèôåðåíöiþ¹ìî ïî x îáèäâi ÷àñòèíè ðiâíîñòi, äå y ¹ ôóíêöi¹þ
âiä x, îäåðæèìî

2x

a2
− 2yy′

b2
= 0.

Çâiäñè çíàõîäèìî

y′ =
b2x

a2y
.

Ïðèêëàä 2. Çíàéòè ïîõiäíó
dr

dφ
íåÿâíî¨ ôóíêöi¨ eφ−1 + rφ− 5r − 1 = 0.

Ðîçâ'ÿçîê. Äèôåðåíöiþþ÷è ïî φ i ââàæàþ÷è r ôóíêöi¹þ φ, çíàõîäèìî

eφ−1 + φ
dr

dφ
+ r − 5

dr

dφ
− 1 = 0.
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Ç öi¹¨ ðiâíîñòi âèçíà÷à¹ìî
dr

dφ
=
eφ−1 + r

5− φ
.

Ïðèêëàä 3. Çíàéòè ïîõiäíó y′ íåÿâíî¨ ôóíêöi¨ x2 + y2 − 4x− 10y + 4 = 0.
Ðîçâ'ÿçîê. Äèôåðåíöiþþ÷è ïî x, îäåðæèìî

2x+ 2yy′ − 4− 10y′ = 0.

Çâiäñè ìà¹ìî

y′ =
x− 2

5− y
.

Ïðèêëàä 4. Çíàéòè ïîõiäíi y′′ i x′′ íåÿâíî¨ ôóíêöi¨ y = x+ ln y.
Ðîçâ'ÿçîê. Çíàéäåìî ñïî÷àòêó y′′. Äèôåðåíöiþ¹ìî ïî x i âèçíà÷à¹ìî y′:

y′ = 1 +
y′

y
; y′ =

y

y − 1
.

Äèôåðåíöiþ¹ìî îñòàííþ ðiâíiñòü ïî x i âèçíà÷à¹ìî y′′:

y′′ =
y′ (y − 1)− y′y

(y − 1)2
= − y′

(y − 1)2
.

Ïiäñòàâëÿþ÷è çàìiñòü y′ éîãî çíà÷åííÿ, ìà¹ìî:

y′′ = − y

(y − 1)3
.

Òåïåð çíàéäåìî x′′. Äèôåðåíöiþ¹ìî äàíó ðiâíiñòü ïî y i âèçíà÷à¹ìî x′:

1 = x′ +
1

y
; x′ =

y − 1

y
.

Äèôåðåíöiþ¹ìî îäåðæàíó ðiâíiñòü ïî y i âèçíà÷à¹ìî x′′:

x′′ =
1 · y − 1 · (y − 1)

y2
=

1

y2
.

Ïðèêëàä 5. Çíàéòè ïîõiäíó x′′ íåÿâíî¨ ôóíêöi¨ y − x+ arctg x = 0.
Ðîçâ'ÿçîê. 1-é ñïîñiá. Äèôåðåíöiþ¹ìî ïî y i çíàõîäèìî x′:

1− x′ +
x′

1 + x2
= 0; x′ =

x2 + 1

x2
= 1 + x−2.

Îñòàííþ ðiâíiñòü çíîâ äèôåðåíöiþ¹ìî ïî y i çíàõîäèìî x′′:

x′′ = −2x−3x′ = −2x′

x3
.
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Çàìiíþþ÷è x′ ÷åðåç
x2 + 1

x2
, îñòàòî÷íî îäåðæèìî

x′′ = − 2

x3
x2 + 1

x2
= −2 (x2 + 1)

x5
.

2-é ñïîñiá. Ïîñëiäîâíî äèôåðåíöiþ¹ìî äàíó ðiâíiñòü ïî y äâà ðàçè:

1− x′ +
x′

1 + x2
= 0;

−x′′ + x′′ (1 + x2)− 2xx′x′

(1 + x2)2
= 0.

Ç ïåðøîãî ðiâíÿííÿ âèçíà÷à¹ìî x′ i, ïiäñòàâëÿþ÷è â äðóãå ðiâíÿííÿ, çíàõîäèìî

−x′′ + x′′ (1 + x2)− 2x (1 + x2)2/x4

(1 + x2)2
= 0,

ç ÿêîãî âèðàæà¹ìî x′′:

x′′ = −2 (x2 + 1)

x5
.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè ïîõiäíi íàñòóïíèõ ôóíêöié:

1. Çíàéòè ïîõiäíó
dy

dx
íåÿâíî¨ ôóíêöi¨ 3x2 + 5xy − 2y2 + 2 = 0.

2. Çíàéòè ïîõiäíó y′ íåÿâíî¨ ôóíêöi¨ x
2
3 + y

2
3 = a

2
3 .

3. Çíàéòè ïîõiäíó
dx

dy
íåÿâíî¨ ôóíêöi¨ ey sinx = e−x cos y.

4. Çíàéòè ïîõiäíó
dy

dx
íåÿâíî¨ ôóíêöi¨ x√y =

y√
x.

5. Çíàéòè ïîõiäíó y′′ íåÿâíî¨ ôóíêöi¨ x3 + y3 − 3axy = 0.
6. Çíàéòè ïîõiäíó y′′ íåÿâíî¨ ôóíêöi¨ y = tg(x+ y).
7. Çíàéòè ïîõiäíó y′′ íåÿâíî¨ ôóíêöi¨ ex − ey = y − x.
8. Çíàéòè ïîõiäíó y′′ íåÿâíî¨ ôóíêöi¨ x+ y = ex−y.

1.9 Ïîõiäíi âiä ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî

ßêùî ôóíêöiÿ y âiä íåçàëåæíî¨ çìiííî¨ x çàäàíà ÷åðåç äîïîìiæíó çìiííó
(àáî ïàðàìåòð) t:

x = φ(t), y = ψ(t),

òî ïîõiäíi âiä y ïî x âèçíà÷àþòüñÿ ôîðìóëàìè:

y′ =
dy

dx
=

dy

dt
dx

dt

; y′′ =
dy′

dx
=

dy′

dt
dx

dt

; y′′′ =
dy′′

dx
=

dy′′

dt
dx

dt

; . . .
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Âñi öi ôîðìóëè ñêëàäåíi çà çàãàëüíèì ïðàâèëîì: ïîõiäíà âiä ïàðàìåòðè÷íî
çàäàíî¨ âåëè÷èíè ïî íåçàëåæíié çìiííié x äîðiâíþ¹ âiäíîøåííþ ïîõiäíèõ âiä
öi¹¨ âåëè÷èíè i âiä x, âçÿòèõ çà ïàðàìåòðîì t.

Ìîæíà ïåðåïèñàòè öi ôîðìóëè áåçïîñåðåäíüî ÷åðåç ôóíêöi¨ φ i ψ:

dy

dx
=
ψ′

φ′ ;

d2y

dx2
=

d

(
ψ′

φ′

)
dx

=

d

(
ψ′

φ′

)
φ′ dt

=
ψ′′φ′ − φ′′ψ′

(φ′)3

i òàê äàëi.

Ïðèêëàä 1. Çíàéòè ïîõiäíó
dy

dx
ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî{

x = k sin t+ sin kt,

y = k cos t+ cos kt.

Ðîçâ'ÿçîê. Çíàõîäèìî ïîõiäíi âiä x i âiä y ïî ïàðàìåòðó t:

dx

dt
= k cos t+ k cos kt;

dy

dt
= −k sin t− k sin kt.

Øóêàíà ïîõiäíà âiä y ïî x çíàõîäèòüñÿ ÿê âiäíîøåííÿ ïîõiäíèõ âiä y i x ïî t:

dy

dx
=

dy

dt
dx

dt

= − k (sin t+ sin kt)

k (cos t+ cos kt)
= −

2 sin
t+ kt

2
cos

t− kt

2

2 cos
t+ kt

2
cos

t− kt

2

= − tg

(
k + 1

2
t

)
.

Ïðèêëàä 2. Çíàéòè ïîõiäíó
d2y

dx2
ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî{

x = t2 + 2t,

y = ln(t+ 1).

Ðîçâ'ÿçîê. Çíàõîäèìî ïîõiäíi âiä x i âiä y ïî ïàðàìåòðó t:

dx

dt
= 2t+ 2 = 2 (t+ 1);

dy

dt
=

1

t+ 1
.

i øóêàíó ïîõiäíó âiä y ïî x:

y′ =
dy

dx
=

dy

dt
dx

dt

=

1

t+ 1
2 (t+ 1)

=
1

2 (t+ 1)2
.
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Ïîòiì çíàõîäèìî ïîõiäíó âiä y′ ïî t, à ïîòiì øóêàíó äðóãó ïîõiäíó âiä y ïî
x ÿê âiäíîøåííÿ ïîõiäíèõ âiä y′ i âiä x ïî t:

dy′

dx
= − 1

(t+ 1)3
;

y′′ =
dy′

dx
=

dy′

dt
dx

dt

= − 1

(t+ 1)3
· 1

2 (t+ 1)
= − 1

2 (t+ 1)4
.

Ïðèêëàä 3. Çíàéòè ïîõiäíó
d3y

dx3
ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî{

x = 1 + eat,

y = at+ e−at.

Ðîçâ'ÿçîê. Ïîñëiäîâíî çíàõîäèìî

y′ =
dy

dx
=

dy

dt
dx

dt

=
a− ae−at

aeat
= e−at + e−2at;

y′′ =
dy′

dx
=

dy′

dt
dx

dt

=
2ae−2at − ae−at

aeat
= 2e−3at − e−2at;

y′′′ =
dy′′

dx
=

dy′′

dt
dx

dt

=
2ae−2at − 6ae−3at

aeat
= 2ae−3at − 6e−4at.

Ïðèêëàä 4. Çíàéòè ïîõiäíó
d2y

dx2
ôóíêöi¨ (öèêëî¨äè), ùî çàäàíà ïàðàìåòðè-

÷íî {
x = a (t− sin t),

y = a (1− cos t).

Ðîçâ'ÿçîê. Ïîñëiäîâíî çíàõîäèìî

x′ = a− a cos t = a (1− cos t); y′ = a sin t;

y′ =
dy

dx
=

dy

dt
dx

dt

=
a sin t

a (1− cos t)
=

sin t

1− cos t
= ctg

t

2
;
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y′′ =
dy′

dx
=

dy′

dt
dx

dt

=

(
ctg

t

2

)′

a (1− cos t)
=

= − 1

2 sin2
t

2

· 1

a (1− cos t)
= − 1

2 sin2
t

2

· 1

2a sin2
t

2

= − 1

4a sin4
t

2

.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

1. Çíàéòè ïîõiäíó
dy

dx
ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî{

x = t2,

y = t3.

2. Çíàéòè ïîõiäíó
dy

dx
ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî

x =
3at

1 + t3
,

y =
3at2

1 + t3
.

3. Çíàéòè ïîõiäíó
d2y

dx2
ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî{

x = a cos t,

y = a sin t.

4. Çíàéòè ïîõiäíó
d2y

dx2
ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî{

x = cos t+ t sin t,

y = sin t− t cos t.

5. Çíàéòè ïîõiäíó
d2y

dx2
ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî{

x = t2,

y = t3 + t.

6. Çíàéòè ïîõiäíó
d2y

dx2
ôóíêöi¨, ùî çàäàíà ïàðàìåòðè÷íî{

x = a cos3 t,

y = a sin3 t.
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2 Äèôåðåíöiàë

2.1 Äèôåðåíöiàë ôóíêöi¨

Ç âèçíà÷åíü ïîõiäíî¨ y′ = lim
∆x→0

∆y

∆x
i ãðàíèöi çìiííî¨ âèïëèâà¹, ùî

∆y

∆x
= y′ + ε àáî ∆y = y′∆x+ ε∆x,

äå ε → 0 ïðè ∆x → 0, òîáòî ùî ïðèðiñò ôóíêöi¨ ìîæíà ðîçáèòè íà äâi ÷àñòè-
íè. Ãîëîâíà ÷àñòèíà ïðèðîñòó ôóíêöi¨, ëiíiéíà âiäíîñíî ïðèðîñòó íåçàëåæíî¨
çìiííî¨, íàçèâà¹òüñÿ äèôåðåíöiàëîì ôóíêöi¨ òà ïîçíà÷à¹òüñÿ çíàêîì d:

dy = y′∆x.

Äèôåðåíöiàë íåçàëåæíî¨ çìiííî¨ x äîðiâíþ¹ ¨¨ ïðèðîñòó, dx = ∆x. Òîìó

dy = y′ dx,

òîáòî äèôåðåíöiàë ôóíêöi¨ äîðiâíþ¹ ¨¨ ïîõiäíié, ïîìíîæåíî¨ íà äèôåðåíöiàë
íåçàëåæíî¨ çìiííî¨. Äëÿ áóäü-ÿêî¨ ôóíêöi¨ y = f(x) ïîõiäíà y′ çàëåæèòü ëèøå
âiä îäíi¹¨ çìiííî¨ x, òîäi ÿê ¨¨ äèôåðåíöiàë dy çàëåæèòü âiä äâîõ íåçàëåæíèõ
îäíà âiä îäíi¹¨ çìiííèõ: x i ∆x. Çíàõîäæåííÿ äèôåðåíöiàëà ôóíêöi¨ íàçèâà¹-
òüñÿ äèôåðåíöiþâàííÿì, òàê ñàìî ÿê i çíàõîäæåííÿ ïîõiäíî¨, àäæå ùîá çíàéòè
äèôåðåíöiàë áóäü-ÿêî¨ ôóíêöi¨, òðåáà çíàéòè ïîõiäíó öi¹¨ ôóíêöi¨ i ïîìíîæèòè
¨¨ íà äèôåðåíöiàë íåçàëåæíî¨ çìiííî¨.

Ïðèêëàä 1. Çíàéòè ïðèðiñò i äèôåðåíöiàë ôóíêöi¨ y = x3 + 2x.
Ðîçâ'ÿçîê. Ìà¹ìî äëÿ ïðèðîñòó ôóíêöi¨

∆y = [(x+∆x)3 + 2 (x+∆x)]− (x3 + 2x) =

= 3x2∆x+ 3x∆x2 +∆x3 + 2∆x = (3x2 + 2)∆x+ 3x∆x2 +∆x3.

Çíàõîäèìî äèôåðåíöiàë:

dy = y′∆x = (3x2 + 2)∆x = (3x2 + 2) dy.

Ïðèêëàä 2. Çíàéòè äèôåðåíöiàë ôóíêöi¨ y = x2 − 3x.
Ðîçâ'ÿçîê. Çíàõîäèìî ïîõiäíó äàíî¨ ôóíêöi¨ i, ïîìíîæóþ÷è ¨¨ íà äèôåðåí-

öiàë íåçàëåæíî¨ çìiííî¨, îäåðæó¹ìî øóêàíèé äèôåðåíöiàë äàíî¨ ôóíêöi¨:

dy = y′ dx = (x2 − 3x)′ dx = (2x− 3x ln 3) dx.

Ïðèêëàä 3. Çíàéòè äèôåðåíöiàë ôóíêöi¨ F (φ) = cos
φ

2
+ sin

2

φ
.
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Ðîçâ'ÿçîê. Ìà¹ìî

dF (φ) = d

(
cos

φ

2
+ sin

2

φ

)
=

(
cos

φ

2
+ sin

2

φ

)′
dφ =

=

[
− sin

φ

2
·
(φ
2

)′
+ cos

2

φ
·
(
2

φ

)′ ]
dφ =

= −
(
1

2
sin

φ

2
+

2

φ2
cos

2

φ

)
dφ.

Ïðèêëàä 4. Çíàéòè äèôåðåíöiàë ôóíêöi¨ y = ln(1 + e5x) + arcctg e10x.
Ðîçâ'ÿçîê. Ìà¹ìî

dy =

[
(1 + e5x)′

1 + e5x
− (e10x)′

1 + e20x

]
dx =

=

(
5e5x

1 + e5x
− 10e10x

1 + e20x

)
dx = 5e5x

(
1

1 + e5x
− 2e5x

1 + e20x

)
dx.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè äèôåðåíöiàëè íàñòóïíèõ ôóíêöié:
1. y = 2x2 − 6x+ 4. 2. y =

4
√

(x+ 1)3.

3. y = (1 +
3√
x)3. 4. y =

√
x+

√
x+

√
x.

5. y = sinx− x cosx. 6. y = cos(lnx).

7. y = ln tg(ax+ b). 8. y = arcsin
x

2
.

9. y = (a+ bx)m. 10. y = e−t (2− 2t− t2).

11. y =
xn

n2
(1− n lnx). 12. y = (1− ln sinφ) sinφ.

2.2 Äèôåðåíöiàëè âèùèõ ïîðÿäêiâ

Äèôåðåíöiàë âiä ïåðøîãî äèôåðåíöiàëó íàçèâà¹òüñÿ äèôåðåíöiàëîì äðóãîãî
ïîðÿäêó: d2y = d(dy); àíàëîãi÷íî dny = d(dn−1y). Äëÿ äèôåðåíöiàëiâ ïîðÿäêó
âèùå ïåðøîãî iíâàðiàíòíiñòü ôîðìè ïîðóøó¹òüñÿ: d2y = y′′(dx)2, d3y = y′′′(dx)3,
. . . , ÿêùî x � íåçàëåæíà çìiííà, àëå â çàãàëüíîìó âèïàäêó

d2y = y′′uu (du)
2 + y′u d

2u,

äå u = f(x).
Ïðèêëàä 1. Çíàéòè äèôåðåíöiàë d2y âiä ôóíêöi¨ y = x4−5x2+1 ó âèïàäêó,

êîëè:
1) x � íåçàëåæíà çìiííà;
2) x � ôóíêöiÿ âiä iíøî¨ íåçàëåæíî¨ çìiííî¨.
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Ðîçâ'ÿçîê. Ñïî÷àòêó âiäìiòèìî, ùî äèôåðåíöiàë ïåðøîãî ïîðÿäêó dy â ñèëó
âëàñòèâîñòi iíâàðiàíòíîñòi éîãî ôîðìè ïðåäñòàâëÿ¹òüñÿ â îáîõ âèïàäêàõ îäíà-
êîâî:

dy = y′ dx = (4x3 − 10x) dx = 2 (2x3 − 5x) dx.

Òóò ìà¹òüñÿ íà óâàçi, ùî â ïåðøîìó âèïàäêó ïiä dx ââàæà¹òüñÿ ïðèðiñò
íåçàëåæíî¨ çìiííî¨ ∆x (òîáòî dx = ∆x), à ó äðóãîìó âèïàäêó � äèôåðåíöiàë
âiä x ÿê âiä ôóíêöi¨ (òîáòî dx ̸= ∆x).

Äëÿ äèôåðåíöiàëiâ âèùîãî ïîðÿäêó âëàñòèâiñòü iíâàðiàíòíîñòi ôîðìè ïîðó-
øó¹òüñÿ. Îòæå, ïðè ïîøóêó d2y äîâîäèòüñÿ ðîçâ'ÿçóâàòè çàäà÷ó äëÿ êîæíîãî
âèïàäêó îêðåìî.

1) Íåõàé x � íåçàëåæíà çìiííà. Â öüîìó âèïàäêó dx = ∆x íå çàëåæèòü âiä
x i éîãî ìîæíà âèíîñèòè çà çíàê äèôåðåíöiàëó:

d2y = d(dy) = d [2 (2x3 − 5x) dx] = 2dx · d (2x3 − 5x) =

= 2dx · (6x2 − 5) dx = 2 (6x2 − 5) dx2.

2) Íåõàé x ¹ ó ñâîþ ÷åðãó ôóíêöi¹þ âiä äåÿêî¨ iíøî¨ çìiííî¨. Ó öüîìó âèïàä-
êó dx âæå çàëåæèòü âiä öi¹¨ çìiííî¨, i âèíîñèòè éîãî çà çíàê äèôåðåíöiàëó, ÿê â
ïåðøîìó âèïàäêó, íå ìîæíà. Ïîòðiáíî îá÷èñëèòè äèôåðåíöiàë ÿê âiä äîáóòêó
äâîõ ôóíêöié. Òîäi ìà¹ìî:

d2y = d(dy) = d [2 (2x3 − 5x) dx] = 2d [(2x3 − 5x) dx] =

= 2 [d(2x3 − 5x) dx+ (2x3 − 5x) d(dx)] =

= 2 [(6x2 − 5) dx · dx+ (2x3 − 5x) · d2x] =
= 2 (6x2 − 5) dx2 + 2 (2x3 − 5x) d2x.

Ïðèêëàä 2. Çíàéòè äèôåðåíöiàë d2y âiä ôóíêöi¨ y = x6 + e2x ó âèïàäêó,
êîëè:

1) x � íåçàëåæíà çìiííà;
2) x � ôóíêöiÿ âiä iíøî¨ íåçàëåæíî¨ çìiííî¨.
Ðîçâ'ÿçîê. Çíàõîäèìî äèôåðåíöiàë ïåðøîãî ïîðÿäêó:

dy = (6x5 + 2e2x) dx = 2 (3x5 + e2x) dx.

1) ßêùî x ¹ íåçàëåæíîþ çìiííîþ, ìà¹ìî

d2y = d [2 (3x5 + e2x) dx] = 2dx · d (3x5 + e2x) =

= 2dx · (15x4 + 2e2x) dx = 2 (15x4 + 2e2x) dx2.

2) ßêùî x ¹ ôóíêöi¹þ âiä iíøî¨ íåçàëåæíî¨ çìiííî¨, ìà¹ìî

d2y = d [2 (3x5 + e2x) dx] = 2d [(3x5 + e2x) dx] =
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= 2 [d(3x5 + e2x) dx+ (3x5 + e2x) d(dx)] =

= 2 [(15x4 + 2e2x) dx · dx+ (3x5 + e2x) d2x] =

= 2 (15x4 + 2e2x) dx2 + 2 (3x5 + e2x) d2x.

Ïðèêëàä 3. Çíàéòè d2y, d3y i d4y âiä ôóíêöi¨ y = f(x), ââàæàþ÷è x ôóí-
êöi¹þ âiä äåÿêî¨ íåçàëåæíî¨ çìiííî¨.

Ðîçâ'ÿçîê. Ç âèçíà÷åííÿ äèôåðåíöiàëiâ âèùèõ ïîðÿäêiâ ìà¹ìî

dy = f ′ dx; d2y = d (f ′ dx) = f ′′(dx)2 + f ′ d2x;

d3y = d (f ′′(dx)2 + f ′ d2x) = f ′′′ (dx)3 + 2f ′′ dx d2x+ f ′′ dx d2x+ f ′ d3x =

= f ′′′ (dx)3 + 2f ′′ dx d2x+ f ′ d3x;

d4y = f (4) (dx)4 + 3f ′′′ (dx)2 d2x+ 3f ′′ d3x dx+ 3f ′′ (d2x)2+

+3f ′′′ d2x (dx)2 + f ′′ dx d3x+ f ′ d4x = f (4) (dx)4 + 6f ′′′ (dx)2 d2x+

+4f ′′ dx d3x+ 3f ′′ (d2x)2 + f ′ d4x.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

1. Çíàéòè äèôåðåíöiàë d2y ôóíêöi¨ y =
3√
x2.

2. Çíàéòè äèôåðåíöiàë d3y ôóíêöi¨ y = xm.
3. Çíàéòè äèôåðåíöiàë d2y ôóíêöi¨ y = (x+ 1)3 (x− 1)2.
4. Çíàéòè äèôåðåíöiàë d2y ôóíêöi¨ y = 4−x2

.

5. Çíàéòè äèôåðåíöiàë d2y ôóíêöi¨ y = arctg

(
b

a
tg x

)
.

6. Çíàéòè äèôåðåíöiàë d2y ôóíêöi¨ y =
√

ln2 x− 4.
7. Çíàéòè äèôåðåíöiàë d3y ôóíêöi¨ y = sin2 x.
8. Çíàéòè äèôåðåíöiàë d2ρ ôóíêöi¨ ρ2 cos3 φ− a2 sin3 φ = 0.
9. Çíàéòè äèôåðåíöiàë d2y ôóíêöi¨ x

2
3 + y

2
3 = a

2
3 .

10. Çíàéòè äèôåðåíöiàë d2y ôóíêöi¨ y = ln
1− x2

1 + x2
.
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Äîäàòîê À. Òàáëèöÿ ïîõiäíèõ

1. y = c y′ = 0
2. y = x y′ = 1
3. y = xµ y′ = µxµ−1

3a. y =
1

x
y′ = − 1

x2

3b. y =
√
x y′ =

1

2
√
x

4. y = ax y′ = ax · ln a
4a. y = ex y′ = ex

5. y = loga x y′ =
loga e

x

5a. y = lnx y′ =
1

x
6. y = sinx y′ = cosx
7. y = cosx y′ = − sinx

8. y = tg x y′ =
1

cos2 x

9. y = ctg x y′ = − 1

sin2 x

10. y = arcsinx y′ =
1√

1− x2

11. y = arccosx y′ = − 1√
1− x2

12. y = arctg x y′ =
1

1 + x2

13. y = arcctg x y′ = − 1

1 + x2
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Äîäàòîê Á. Òàáëèöÿ ïîõiäíèõ ñêëàäåíèõ ôóíêöié

1. (un)′ = nun−1 · u′
2. (sinu)′ = cosu · u′
3. (cosu)′ = − sinu · u′

4. (tg u)′ =
u′

cos2 u

5. (ctg u)′ = − u′

sin2 u
6. (au)′ = au ln a · u′
6a. (eu)′ = eu · u′

7. (log u)′ =
u′

u
log e

7a. (lnu)′ =
u′

u

8. (arcsinu)′ =
u′√

1− u2

9. (arccosu)′ = − u′√
1− u2

10. (arctg u)′ =
u′

1 + u2

11. (arcctg u)′ = − u′

1 + u2
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