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1 Íåâèçíà÷åíèé iíòåãðàë

1.1 Ïåðâiñíà òà íåâèçíà÷åíèé iíòåãðàë

Ðîçøóê ôóíêöi¨ F (x) çà âiäîìèì ¨¨ äèôåðåíöiàëîì dF (x) = f(x) dx àáî
çà âiäîìîþ ¨¨ ïîõiäíîþ F ′(x) = f(x), òîáòî äiÿ çâîðîòíÿ äî äèôåðåíöiþâàí-
íÿ, íàçèâà¹òüñÿ iíòåãðóâàííÿì, à øóêàíà ôóíêöiÿ F (x) íàçèâà¹òüñÿ ïåðâiñíîþ
ôóíêöi¹þ âiä ôóíêöi¨ f(x).

Çàãàëüíèé âèðàç F (x) + C, äå C � äîâiëüíà ñòàëà, ñóêóïíîñòi âñiõ ïåðâi-
ñíèõ âiä ôóíêöi¨ f(x) íàçèâà¹òüñÿ íåâèçíà÷åíèì iíòåãðàëîì âiä öi¹¨ ôóíêöi¨ i
ïîçíà÷à¹òüñÿ çíàêîì

∫
:∫

f(x) dx = F (x) + C, ÿêùî d[F (x) + C] = f(x) dx.

Âëàñòèâîñòi íåâèçíà÷åíîãî iíòåãðàëó.

I.
d

dx
[f(x) dx] = f(x) àáî d

∫
f(x) dx = f(x) dx.

II. F ′(x) dx = F (x) + C àáî
∫
dF (x) = F (x) + C.

III.
∫
a f(x) dx = a

∫
f(x) dx (a � ñòàëà).

IV.
∫
[f1(x) + f2(x)− f3(x)] dx =

∫
f1(x) dx+

∫
f2(x) dx−

∫
f3(x) dx.

Îñíîâíi ôîðìóëè iíòåãðóâàííÿ ïðåäñòàâëåíi ó Äîäàòêó À.
Ïðèêëàä 1. Çíàéòè iíòåãðàëè: 1)

∫
x dx; 2)

∫
x2 dx; 3)

∫
x4 dx; 4)

∫ √
x dx;

5)
∫ 3√

x2 dx; 6)
∫ √

x3 dx; 7)
∫ dx√

x
.

Ðîçâ'ÿçîê. Êîðèñòóþ÷èñü ôîðìóëàìè ç Äîäàòêó À çíàõîäèìî:

1)
∫
x dx =

x2

2
+ C; 2)

∫
x2 dx =

x3

3
+ C; 3)

∫
x4 dx =

x5

5
+ C;

4)
∫ √

x dx =
∫
x

1
2 dx =

x
3
2

3
2

+ C =
2

3
x
√
x+ C;

5)
∫ 3√

x2 dx =
∫
x

2
3 dx = x

2
3+1

2
3+1

+ C =
3

5
x

5
3 + C =

3

5
x

3
√
x2 + C;

6)
∫ √

x3 dx =
∫
x

3
2 dx = x

3
2+1

3
2+1

+ C =
2

5
x

5
2 + C =

2

5
x2

√
x+ C;

7)
∫ dx√

x
=
∫
x−

1
2 dx = x− 1

2+1

− 1
2+1

+ C = 2
√
x+ C.

Ïðèêëàä 2. Îá÷èñëèòè iíòåãðàëè 1)
∫
5 dx; 2)

∫
7x2 dx.

Ðîçâ'ÿçîê. Ç ôîðìóë, ïðåäñòàâëåíèõ ó Äîäàòêó À, çíàõîäèìî:

1)
∫
5 dx = 5

∫
dx = 5x+ C; 2)

∫
7x2 dx = 7

∫
x2 dx = 7 · x

3

3
+ C.

Ïðèêëàä 3. Çíàéòè iíòåãðàë
∫ dt

t2 + 3
.

Ðîçâ'ÿçîê. Áåçïîñåðåäíüî ç ôîðìóëè ç Äîäàòêó À çíàõîäèìî:∫
dt

t2 + 3
=

1√
3
arctg

t√
3
+ C.
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Ïðèêëàä 4. Çíàéòè iíòåãðàë
∫
5 sin 5t dt.

Ðîçâ'ÿçîê. Ìîæíà ïåðåòâîðèòè ïiäiíòåãðàëüíèé âèðàç, ùî ïðèâîäèòü äî íî-
âîãî äèôåðåíöiàëó∫

5 sin 5t dt =

∫
sin 5t d(5t) = − cos 5t+ C.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè iíòåãðàëè:

1.
∫
x3 dx. 2.

∫ 5√
x2 dx. 3.

∫ dx

3x2
. 4.

∫ dx

x+ 3
.

5.
∫
(x− 5)8 dx. 6.

∫ dx

x2 + 9
. 7.

∫ dx√
x2 + 7

. 8.
∫ dx

2x2 − 4
.

9.
∫ dx√

4− x2
. 10.

∫
sin

x

3
dx. 11.

∫
e4x dx. 12.

∫ 3 dt

52t
.

13.
∫ dx

2x+ 5
. 14.

∫ dx

(3x+ 2)3
. 15.

∫
3

4√
x3 dx. 16.

∫
cos 3φdφ.

1.2 Iíòåãðóâàííÿ ðîçêëàäåííÿì ïiäiíòåãðàëüíî¨ ôóíêöi¨
íà äîäàíêè

ßêùî ïiäiíòåãðàëüíà ôóíêöiÿ ¹ àëãåáðà¨÷íîþ ñóìîþ äåêiëüêîõ äîäàíêiâ, òî
ìîæå áóòè çðó÷íî, êîðèñòóþ÷èñü âëàñòèâiñòþ IV, iíòåãðóâàòè êîæíèé äîäàíîê
îêðåìî. Áàãàòî iíòåãðàëiâ òàêèì ñïîñîáîì ïðèâîäÿòüñÿ äî ñóìè áiëüø ïðîñòèõ
iíòåãðàëiâ.

Ïðèêëàä 1. Çíàéòè iíòåãðàë
∫
(3x2 − 2x+ 5) dx.

Ðîçâ'ÿçîê. Iíòåãðóþ÷è êîæíèé äîäàíîê îêðåìî, îäåðæèìî:∫
(3x2 − 2x+ 5) dx =

∫
3x2 dx−

∫
2x dx+

∫
5 dx =

= 3

∫
x2 dx− 2

∫
x dx+ 5

∫
dx = 3 · x

3

3
− 2 · x

2

2
+ 5x+ C =

= x3 − x2 + 5x+ C.

Ïðèêëàä 2. Çíàéòè iíòåãðàë
∫ x2

x2 + 1
dx.

Ðîçâ'ÿçîê. Âèêîðèñòà¹ìî äóæå êîðèñíèé â òàêèõ âèïàäêàõ ïðèéîì, à ñàìå
äîäàâàííÿ i âiäíiìàííÿ îäíi¹¨ i òi¹¨ æ âåëè÷èíè:∫

x2

x2 + 1
dx =

∫
x2 + 1− 1

x2 + 1
dx =

∫ (
1− 1

x2 + 1

)
dx =

=

∫
dx−

∫
dx

x2 + 1
= x− arctg x+ C.
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Ïðèêëàä 3. Îá÷èñëèòè iíòåãðàë
∫ 3x4 + 5x3 − 6x

√
x+ 4

x
dx.

Ðîçâ'ÿçîê. Ìà¹ìî∫
3x4 + 5x3 − 6x

√
x+ 4

x
dx = 3

∫
x3 dx+ 5

∫
x2 dx− 6

∫
x

1
4 dx+ 4

∫
dx

x
=

=
3

4
x4 +

5

3
x3 − 24

5
x

5
4 + 4 ln |x|+ C.

Ïðèêëàä 4. Îá÷èñëèòè iíòåãðàë
∫ √

4 + x2 − 3
√
4− x2√

16− x4
dx.

Ðîçâ'ÿçîê. Çíàõîäèìî∫ √
4 + x2 − 3

√
4− x2√

16− x4
dx =

∫ √
4 + x2√
16− x4

dx− 3

∫ √
4− x2√
16− x4

dx =

=

∫
dx√
4− x2

− 3

∫
dx√
4 + x2

= arcsin
x

2
− 3 ln

∣∣∣x+√x2 + 4
∣∣∣+ C.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè iíòåãðàëè:

1.
∫
(x+ 2)3(3x− 5) dx. 2.

∫ x4 − 6x2 + 3
√
x+

3√
x− 1

x
√
x

dx.

3.
∫
(2

5√
x− 3√

2x+ 5) dx. 4.
∫
(sinφ− cosφ)2 dφ.

5.
∫ 5x2 − 6x+ 1√

x
dx. 6.

∫
(tg x+ ctg x)2 dx.

7.
∫ x3

x2 + 6
dx. 8.

∫
(ex − e−x)2 dx.

9.
∫ (

a
2
3 − x

2
3

)3
dx. 10.

∫ x2 − 2

x+ 2
dx.

11.
∫ (

√
a−

√
x)4√

ax
dx. 12.

∫
(3x + 5x)2 dx.

1.3 Iíòåãðóâàííÿ çàìiíîþ çìiííî¨

Äëÿ çíàõîäæåííÿ iíòåãðàëó
∫
f(x) dx ìîæíà çàìiíèòè çìiííó x íîâîþ çìií-

íîþ t, ùî ïîâ'ÿçàíà ç x ôîðìóëîþ x = φ(t). Âèçíà÷èâøè ç öi¹¨ ôîðìóëè
dx = φ′(t) dt i ïiäñòàâëÿþ÷è, îäåðæèìî∫

f(x) dx =

∫
f [φ(t)]φ′(t) dt =

∫
F (t) dt.

Êîëè iíòåãðàë ç íîâîþ çìiííîþ iíòåãðóâàííÿ t áóäå çíàéäåíèé òðåáà ïåðå-
òâîðèòè ðåçóëüòàò äî çìiííî¨ x, êîðèñòóþ÷èñü âèõiäíîþ ôîðìóëîþ x = φ(t).
Òàê çíàõîäèòüñÿ øóêàíèé âèðàç çàäàíîãî iíòåãðàëó.
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Ïðèêëàä 1. Çíàéòè iíòåãðàë
∫
cos(lnx)

dx

x
.

Ðîçâ'ÿçîê. Òàê ÿê
dx

x
= d(lnx), òî∫

cos(lnx)
dx

x
=

∫
cos(lnx) d(lnx) = sin(ln x) + C.

Iíîäi áiëüø çðó÷íî ÿâíî ââîäèòè íîâó çìiííó. Òîäi êðàùå öå âêàçóâàòè ïðè
ïðîâåäåííi îá÷èñëåíü òàêèì ÷èíîì:∫

cos(lnx)
dx

x
=

[
t = lnx

dt =
dx

x

]
=

∫
cos t dt = sin t+ C = sin(lnx) + C.

Ïðèêëàä 2. Îá÷èñëèòè iíòåãðàë
∫ ex dx√

e2x + 5
.

Ðîçâ'ÿçîê. Ïîìiòèìî, ùî ex dx = d(ex). Òàê ÿê e2x = (ex)2 òî îäåðæó¹ìî:∫
ex dx√
e2x + 5

=

∫
d(ex)√
(ex)2 + 5

= ln(ex +
√
e2x + 5) + C.

Àáî ÿêùî çíàõîäèòè ÷åðåç ÿâíå ââåäåííÿ íîâî¨ çìiííî¨:∫
ex dx√
e2x + 5

=

[
t = ex

dt = exdx

]
=

∫
dt√
t2 + 5

= ln(t+
√
t2 + 5) + C =

= ln(ex +
√
e2x + 5) + C.

ßêùî ïiäiíòåãðàëüíà ôóíêöiÿ ¹ äðîáîì, ÷èñåëüíèê ÿêî¨ äîðiâíþ¹ ïîõiäíié
çíàìåííèêà, òî iíòåãðàë äîðiâíþ¹ íàòóðàëüíîìó ëîãàðèôìó ìîäóëÿ çíàìåííèêà∫

φ′(x)

φ(x)
dx =

∫
d[φ(x)]

φ(x)
= ln |φ(x)|+ C.

Ïðèêëàä 3. Îá÷èñëèòè iíòåãðàë
∫ (3x2 + 1) dx

x3 + x+ 8
.

Ðîçâ'ÿçîê. Òàê ÿê (x3 + x+ 8)′ = 3x2 + 1, òî∫
(3x2 + 1) dx

x3 + x+ 8
= ln |x3 + x+ 8|+ C.

Ïðèêëàä 4. Çíàéòè iíòåãðàë
∫

dx√
(1−x2)3

.

Ðîçâ'ÿçîê. Â òàêèõ âèïàäêàõ çðó÷íî ââîäèòè çàìiíó x = sinφ:∫
dx√

(1− x2)3
=

[
x = sinφ

dx = cosφdφ

]
=

∫
dφ

cos2 φ
= tgφ+ C =



8

=
sinφ

cosφ
+ C =

x√
1− x2

+ C.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè iíòåãðàëè:

1.
∫ dx

1 +
√
x+ 1

(
ïiäñòàíîâêà x+ 1 = t2

)
.

2.
∫ x2 dx

5− x6
(
ïiäñòàíîâêà t = x3

)
.

3.
∫ ex dx

3 + 4ex
(ïiäñòàíîâêà z = 3 + 4ex).

4.
∫
tg3 φdφ (ïiäñòàíîâêà φ = arctg t).

5.
∫
x3

√
a− x2 dx

(
ïiäñòàíîâêà

√
a− x2 = z

)
.

6.
∫ x2 − x

(x− 2)3
dx (ïiäñòàíîâêà x− 2 = t).

7.
∫
x
√
a− x dx

(
ïiäñòàíîâêà a− x = t2

)
.

8.
∫ dx

x
√
1 + x2

(
ïiäñòàíîâêà x =

1

t

)
.

9.
∫ dx

x
√
x2 − 1

(
ïiäñòàíîâêà x =

1

t

)
.

10.
∫ x2 dx

(x2 + 1)2
(ïiäñòàíîâêà x = tg t).

11.
∫ x2 + 3√

(2x− 5)3
dx

(
ïiäñòàíîâêà

√
2x− 5 = t

)
.

12.
∫ dx

sin 2x
(ïiäñòàíîâêà tg x = t).

1.4 Iíòåãðóâàííÿ ÷àñòèíàìè

Ôîðìóëà iíòåãðóâàííÿ ÷àñòèíàìè∫
u dv = uv −

∫
v du.

îäåðæó¹òüñÿ ç ôîðìóëè äèôåðåíöiàëà äîáóòêó iíòåãðóâàííÿì îáèäâîõ ÷àñòèí
ðiâíîñòi.

Â öüîìó ìåòîäi iíòåãðàë
∫
u dv çâîäèòüñÿ äî iíøîãî iíòåãðàëó

∫
v du, òîìó

âàæëèâî, ùîá îñòàííié iíòåãðàë áóâ â ÿêîìóñü ñåíñi ïðîñòiøå ïåðøîãî, àáî â
äåÿêèõ âèïàäêàõ õî÷à á ïîäiáíèé äî íüîãî.

ßê âèäíî ç ôîðìóëè ïiäiíòåãðàëüíèé âèðàç ïðåäñòàâëÿ¹òüñÿ ó âèãëÿäi äî-
áóòêó äâîõ ìíîæíèêiâ: u òà dv. Òàê ÿê äèôåðåíöiàë dv òðåáà iíòåãðóâàòè, ùîá
çíàéòè v, áàæàíî, ùîá âií íå ïðèâîäèâ äî äîñèòü ñêëàäíèõ iíòåãðàëiâ, ÿêi ñàìi
ïî ñîái ìîæóòü ïðåäñòàâëÿòè çàãðîçó âèêîðèñòàííþ öüîãî ìåòîäó. Ó ÿêîñòi u,
çðîçóìiëî, áàæàíî îáèðàòè ôóíêöiþ, ÿêà ïðè äèôåðåíöiþâàííi ñïðîùó¹òüñÿ.
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Ïðèêëàä 1. Îá÷èñëèòè iíòåãðàë
∫
lnx dx.

Ðîçâ'ÿçîê. Òðåáà ïîêëàñòè u = lnx, dv = dx, çâiäêè du =
dx

x
i v =

∫
dx = x.

Çà ôîðìóëîþ iíòåãðóâàííÿ ÷àñòèíàìè îäåðæèìî:∫
lnx dx =

[
u = lnx dv = dx
du = dx

x v = x

]
= x lnx−

∫
x
dx

x
= x lnx−

∫
dx =

= x lnx− x+ C.

Ïðèêëàä 2. Çíàéòè iíòåãðàë
∫
x2ex dx.

Ðîçâ'ÿçîê. Ïîêëàäåìî u = x2, dv = ex dx, çâiäêè du = 2x dx, v =
∫
ex dx =

ex. Òîäi

I =

∫
x2ex dx =

[
u = x2 dv = ex dx

du = 2x dx v = ex

]
= x2ex − 2

∫
xex dx.

Ùîá îá÷èñëèòè îñòàííié iíòåãðàë çíîâ òðåáà ñêîðèñòàòèñü ôîðìóëîþ iíòåãðóâà-
ííÿ ÷àñòèíàìè. Ïîêëàäåìî u = x, dv = ex dx, çâiäêè du = dx, v =

∫
ex dx = ex.

Òîäi ∫
xex dx =

[
u = x dv = ex dx
du = dx v = ex

]
= xex −

∫
ex dx = xex − ex.

Ïiäñòàâëÿ¹ìî:

I = x2ex − 2 (xex − ex) + C = ex(x2 − 2x+ 2) + C.

Ïðèêëàä 3. Îá÷èñëèòè iíòåãðàë
∫ √

1 + x2 dx.
Ðîçâ'ÿçîê. Iíîäi ïiñëÿ iíòåãðóâàííÿ ÷àñòèíàìè i ïåðåòâîðåíü â ïðàâié ÷àñòèíi

ç'ÿâëÿ¹òüñÿ òîé ñàìèé iíòåãðàë, ÿêèé ìè ðîçøóêó¹ìî i ÿêèé ìiñòèòüñÿ â ëiâié
÷àñòèíi. Òîäi òðåáà îäåðæàíå ðiâíÿííÿ ðîçâ'ÿçàòè âiäíîñíî öüîãî iíòåãðàëó.

Ïîêëàäåìî u =
√
1 + x2, dv = dx, çâiäêè

du =
x dx√
1 + x2

, v = x.

Òîäi,

I =

∫ √
1 + x2 dx =

 u =
√
1 + x2 dv = dx

du =
x dx√
1 + x2

v = x

 =

= x
√
1 + x2 −

∫
x2√
1 + x2

dx = x
√

1 + x2 −
∫
x2 + 1− 1√

1 + x2
dx =

= x
√
1 + x2 −

∫ √
1 + x2 dx+

∫
dx√
1 + x2

= x
√

1 + x2 − I +

∫
dx√
1 + x2

.
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Çâiäêè

2I = x
√

1 + x2 +

∫
dx√
1 + x2

= x
√
1 + x2 + ln(x+

√
1 + x2) + C.

i îñòàòî÷íî ìà¹ìî:

I =
1

2

[
x
√

1 + x2 + ln(x+
√
1 + x2)

]
+ C.

Ïðèêëàä 4. Çíàéòè iíòåãðàë
∫
x cosx dx.

Ðîçâ'ÿçîê.Ïîêëàäåìî u = x, dv = cosx dx, çíàéäåìî du = dx, v =
∫
cosx dx =

sinx. Ïiäñòàâëÿ¹ìî â ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè:∫
x cosx dx =

[
u = x dv = cosx dx
du = dx v = sinx

]
= x sinx−

∫
sinx dx = x sinx+cosx+C.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè iíòåãðàëè:
1.
∫
x sinx dx. 2.

∫
lnx dx.

3.
∫
ln2 x dx. 4.

∫
x2 lnx dx.

5.
∫
arcsinx dx. 6.

∫
arcsin2 x dx.

7.
∫
arctg x dx. 8.

∫
arcctg x dx.

9.
∫
x2 arctg 4x dx. 10.

∫
x2 arcsin 2x dx.

11.
∫
(x2 + 1) e−2x dx. 12.

∫
x ln(x− 1) dx.

13.
∫
ln(1 + x2) dx. 14.

∫
eax sin bx dx.

15.
∫
e−x sin2 x dx. 16.

∫ √
1 + x2

x2
dx.

17.
∫ √

x lnx dx. 18.
∫
(1 + x2)2 cosx dx.

19.
∫
x5 sin 5x dx. 20.

∫
e2x sin2 x dx.

1.5 Iíòåãðàëè âiä ôóíêöié, ùî ìiñòÿòü êâàäðàòíèé
òðè÷ëåí

×àñòî çóñòði÷àþòüñÿ iíòåãðàëè, ùî ìiñòÿòü ó ïiäiíòåãðàëüíié ôóíêöi¨ êâà-
äðàòíèé òðè÷ëåí. Íàïðèêëàä,∫

Ax+B

ax2 + bx+ c
dx,

∫
Ax+B√
ax2 + bx+ c

dx,

∫ √
ax2 + bx+ c dx

òà iíøi.
Äëÿ ðîçøóêàííÿ âêàçàíèõ iíòåãðàëiâ âiä ôóíêöié òàêîãî ðîäó, ïåðå òèì ÿê

ïåðåòâîðþâàòè ¨õ äî ôîðìóë iíòåãðóâàííÿ òðåáà âèäiëèòè ïîâíèé êâàäðàò ç
êâàäðàòíîãî òðè÷ëåíà, â ðåçóëüòàòi ÷îãî âií ïåðåòâîðþ¹òüñÿ â êâàäðàòíèé äâî-
÷ëåí

ax2 + bx+ c = a

(
x2 +

b

a
x+

c

a

)
=
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= a

[(
x+

b

2a

)2

+
c

a
− b2

4a2

]
= a

[(
x+

b

2a

)2

± k2

]
.

Ïðèêëàä 1. Çíàéòè iíòåãðàë
∫ dx

x2 + 4x+ 8
.

Ðîçâ'ÿçîê. Âèäiëÿ¹ìî iç êâàäðàòíîãî òðè÷ëåíà ïîâíèé êâàäðàò x2+4x+8 =
(x+ 2)2 + 4:∫

dx

x2 + 4x+ 8
=

∫
dx

(x+ 2)2 + 4
=

[
u = x+ 2
du = dx

]
=

∫
du

u2 + 4
=

1

2
arctg

u

2
+C =

=
1

2
arctg

x+ 2

2
+ C.

Ìîæíà ïðîâîäèòè îá÷èñëåííÿ, íå äîëó÷àþ÷è íîâó çìiííó ÿâíî:∫
dx

x2 + 4x+ 8
=

∫
d(x+ 2)

(x+ 2)2 + 4
=

1

2
arctg

x+ 2

2
+ C.

Ïðèêëàä 2. Çíàéòè iíòåãðàë
∫ 7− 8x

2x2 − 3x+ 1
dx.

Ðîçâ'ÿçîê. Âèäiëèìî ç êâàäðàòíîãî òðè÷ëåíó ïîâíèé êâàäðàò

2x2 − 3x+ 1 = 2

(
x2 − 3

2
x+

1

2

)
= 2

[(
x− 3

4

)2

+
1

2
− 9

16

]
=

= 2

[(
x− 3

4

)2

− 1

16

]

òà çàìiíèìî çìiííó x, ââàæàþ÷è x− 3

4
= t.∫

7− 8x

2x2 − 3x+ 1
dx =

[
t = x− 3

4
dt = dx

]
=

1

2

∫
1− 8t

t2 − 1
16

dt =

=
1

2

∫
dt

t2 − 1
16

− 2

∫
2t dt

t2 − 1
16

=
1

2
· 1

2 · 1
4

ln

∣∣∣∣t− 1
4

t+ 1
4

∣∣∣∣− 2 ln

∣∣∣∣t2 − 1

16

∣∣∣∣+ C =

= ln

∣∣∣∣ x− 1

1− 1/2

∣∣∣∣− 2 ln

∣∣∣∣x2 − 3

2
x+

1

2

∣∣∣∣+ C.

Ïðèêëàä 3. Çíàéòè iíòåãðàë
∫ 3x− 2

x2 + 6x+ 9
dx.

Ðîçâ'ÿçîê. Âèäiëèìî ïîâíèé êâàäðàò x2 + 6x+ 9 = (x+ 3)2 òà ââåäåìî íîâó
çìiííó t = x+ 3, òîäi îäåðæèìî dx = dt i∫

3x− 2

x2 + 6x+ 9
dx =

[
t = x+ 3
dt = dx

]
=

∫
3t− 11

t2
dt =

∫ (
3

t
− 11

t2

)
dt =
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= 3

∫
dt

t
− 11

∫
dt

t2
= 3 ln |t|+ 11

t
+ C = 3 ln |x+ 3|+ 11

x+ 3
+ C.

Ïðèêëàä 4. Çíàéòè iíòåãðàë
∫ dx√

x2 − 4x− 3
.

Ðîçâ'ÿçîê. Âèèäiëÿ¹ìî ç òðè÷ëåíà ïîâíèé êâàäðàò x2−4x−3 = (x−2)2−7,
çàïèñó¹ìî d(x− 2) çàìiñòü dx i iíòåãðó¹ìî:∫

dx√
x2 − 4x− 3

=

∫
d(x− 2)√
(x− 2)2 − 7

= ln
∣∣∣x− 2 +

√
(x− 2)2 − 7

∣∣∣+ C,

àáî ∫
dx√

x2 − 4x− 3
=

[
t = x− 2
dt = dx

]
=

∫
dt√
t2 − 7

= ln
∣∣∣t+√t2 − 7

∣∣∣+ C =

= ln
∣∣∣x− 2 +

√
(x− 2)2 − 7

∣∣∣+ C.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè iíòåãðàëè:

1.
∫ dx

x2 − x− 6
. 2.

∫ dx

x2 + 4x+ 29
.

3.
∫ dx

4x− 1− 4x2
. 4.

∫ (4x− 3) dx

x2 + 3x+ 4
.

5.
∫ (3x+ 4) dx

x2 + 5x
. 6.

∫ 18x2 + 13x

1 + 6x+ 9x2
dx.

7.
∫ x3 − 2x2 + 4

x2 + 2x− 3
dx. 8.

∫ dx√
2 + x− x2

.

9.
∫ dx√

x2 − 2x
. 10.

∫ (x+ 3) dx√
1− 4x2

.

11.
∫ √

x2 + 4x dx. 12.
∫ √

1− 2x− x2 dx.

1.6 Iíòåãðóâàííÿ òðèãîíîìåòðè÷íèõ ôóíêöié

ßêùî ïiäiíòåãðàëüíà ôóíêöiÿ ìiñòèòü òðèãîíîìåòðè÷íi âèðàçè, òî äîðå÷íèì
ñòà¹ ñêîðèñòàòèñü òðèãîíîìåòðè÷íèìè ôîðìóëàìè äëÿ ñïðîùåííÿ ¨¨ âèãëÿäó.
Íàñïðàâäi òðèãîíîìåòðè÷íèõ ôîðìóë äóæå áàãàòî i íåìîæëèâî îïèñàòè ðiçíî-
ìàíiòíi ïåðåòâîðåííÿ ïiäiíòåãðàëüíî¨ ôóíêöi¨ çàãàëüíîãî âèãëÿäó. Òîìó ïðè-
õîäèòüñÿ îáìåæóâàòèñü äåÿêèìè ïîðàäàìè ëèøå äëÿ ïiäiíòåãðàëüíèõ ôóíêöié
ïåâíîãî âèãëÿäó.

I.
∫
sinn x dx,

∫
cosn x dx, äå n � öiëå äîäàòíå ÷èñëî.

1. Iíòåãðàëè âiä ïàðíîãî ñòóïåíþ ñiíóñà àáî êîñèíóñà ìîæíà çíàéòè øëÿõîì
çíèæåííÿ ñòóïåíþ (âäâi÷i) çà ôîðìóëàìè:

sin2 u =
1

2
(1− cos 2u);
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cos2 u =
1

2
(1 + cos 2u).

2. Iíòåãðàëè âiä íåïàðíîãî ñòóïåíþ ñiíóñà àáî êîñèíóñà ìîæíà çíàéòè øëÿ-
õîì âiäîêðåìëåííÿ âiä íüîãî îäíîãî ìíîæíèêà i çàìiíè êîôóíêöi¨ íîâîþ çìií-
íîþ.

II.
∫
sinm x cosn x dx, äå m i n � öiëi äîäàòíi ÷èñëà.

Iíòåãðàëè òàêîãî âèãëÿäó ìîæíà çíàéòè çà ïðàâèëîì 1. Ìîæëèâî ïðè öüîìó
çíàäîáèòüñÿ ùå i ôîðìóëà

sinu cosu =
1

2
sin 2u,

ÿêùî m i n îáèäâà ïàðíi. Ó âñiõ iíøèõ âèïàäêàõ, ÿêùî íåïàðíèìè ¹ m àáî n, à
ìîæå áóòè, ùî m i n îäíî÷àñíî, òðåáà âèêîðèñòîâóâàòè ïðàâèëî 2.

III.
∫
tgn x dx,

∫
ctgn x dx, äå n � öiëå äîäàòíå ÷èñëî.

Öi iíòåãðàëè çíàõîäÿòü øëÿõîì çàìiíè tg x, àáî âiäïîâiäíî tg x, íîâîþ çìií-
íîþ.

IV.
∫
sin ax cos bx dx,

∫
sin ax sin bx dx,

∫
cos ax cos bx dx, äå a òà b � ñòà-

ëi.
Òóò òðåáà çàñòîñóâàòè âiäîìi òðèãîíîìåòðè÷íi ôîðìóëè:

sin ax cos bx =
1

2
[sin(a+ b)x+ sin(a− b)x],

sin ax sin bx =
1

2
[cos(a− b)x− cos(a+ b)x],

cos ax cos bx =
1

2
[cos(a+ b)x+ cos(a− b)x].

Ïðèêëàä 1. Çíàéòè iíòåãðàë
∫
sin2 3x dx.

Ðîçâ'ÿçîê. Çà ïðàâèëîì I.1 ìà¹ìî

sin2 3x dx =
1

2

∫
(1− cos 6x) dx =

1

2

∫
dx− 1

12

∫
cos 6x d(6x) =

=
x

2
− 1

12
sin 6x+ C.

Ïðèêëàä 2. Çíàéòè iíòåãðàë
∫
cos4 x dx.

Ðîçâ'ÿçîê. Çíîâ çàñòîñîâó¹ìî ïðàâèëî I.1:∫
cos4 x dx =

∫
(cos2 x)2 dx =

1

4

∫
(1 + cos 2x)2 dx =

=
1

4

[∫
dx+

∫
cos 2x d(2x) +

∫
cos2 2x dx

]
.
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Îñòàííié iíòåãðàë çíàõîäèìî çà ïðàâèëîì I.1:∫
cos2 2x dx =

1

2

∫
(1 + cos 4x) dx =

1

2

∫
dx+

1

8

∫
cos 4x d(4x) =

=
x

2
+

1

8
sin 4x.

Ïiäñòàâëÿþ÷è â ïîïåðåäíþ ðiâíiñòü, îäåðæèìî∫
cos4 x dx =

1

4

(
x+ sin 2x+

x

2
+

1

8
sin 4x

)
+ C =

=
3

8
x+

1

4
sin 2x+

1

32
sin 4x+ C.

Ïðèêëàä 3. Çíàéòè iíòåãðàë
∫
sin5 x dx.

Ðîçâ'ÿçîê. Çà ïðàâèëîì I.2 âiäîêðåìëþ¹ìî âiä ïàðíîãî ñòóïåíþ îäèí ìíî-
æíèê ∫

sin5 x dx =

∫
(1− cos2 x)2 sinx dx =

[
z = cosx

dz = − sinx dx

]
=

=

∫
(1− z2)2 (−dz) = −

∫
(1− 2z2 + z4) dz = −z + 2z3

3
− z5

5
+ C =

= C − cosx+
2

3
cos3 x− 1

5
cos5 x.

Ïðèêëàä 4. Çíàéòè iíòåãðàë
∫
sin4 x cos2 x dx.

Ðîçâ'ÿçîê. Çà ïðàâèëîì II îäåðæèìî∫
sin4 x cos2 x dx =

∫
sin2 x (sinx cosx)2 dx =

=

∫
1− cos 2x

2
· sin

2 2x

4
dx =

1

8

(∫
sin2 2x dx−

∫
sin2 2x cos 2x dx

)
.

Ïåðøèé iíòåãðàë çíàõîäèìî çà ïðàâèëîì I.1:∫
sin2 2x dx =

1

2

∫
(1− cos 4x) dx =

1

2

∫
dx− 1

8

∫
cos 4x d(4x) =

=
1

2
x− 1

8
sin 4x.

Äðóãèé iíòåãðàë çíàõîäèìî çà ïðàâèëîì II:∫
sin2 2x cos 2x dx =

[
z = sin 2x

dz = 2 cos 2x dx

]
=

1

2

∫
z2 dz =

z3

6
=

1

6
sin3 2x.
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Ïiäñòàâëÿþ÷è öi ðåçóëüòàòè, ìà¹ìî∫
sin4 x cos2 x dx =

1

8

(
1

2
x− 1

8
sin 4x− 1

6
sin3 2x

)
+ C.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè iíòåãðàëè:
1.
∫
cos2 5x dx. 2.

∫
cos5 x dx.

3.
∫
sin2 x cos2 x dx. 4.

∫
sin3 x cos2 x dx.

5.
∫
sin3 x cos3 x dx. 6.

∫
sin4 x dx.

7.
∫
ctg4 y dy. 8.

∫
cos

4

3
x cos 3x dx.

9.
∫
sin 5x sin 6x dx. 10.

∫
sin at cos bt dt.

11.
∫
sin 5x sin 2x dx. 12.

∫
sin 3x cos 2x dx.

1.7 Iíòåãðóâàííÿ ðàöiîíàëüíèõ ôóíêöié

Ðàöiîíàëüíi ôóíêöi¨ çàâæäè iíòåãðóþòüñÿ â åëåìåíòàðíèõ ôóíêöiÿõ.
Öiëà ðàöiîíàëüíà ôóíêöiÿ (ïîëiíîì) iíòåãðó¹òüñÿ áåçïîñåðåäíüî:∫

(a0x
n + a1x

n−1 + · · ·+ an) dx =
a0

n+ 1
xn+1 +

a1
n
xn + · · ·+ anx+ C.

Iíòåãðàë âiä äðîáîâî¨ ðàöiîíàëüíî¨ ôóíêöi¨
∫ P (x)
Q(x)

dx, äå P (x) i Q(x) � ïî-

ëiíîìè, ìîæíà âèðàçèòè ÷åðåç åëåìåíòàðíi ôóíêöi¨, ðîçêëàäàþ÷è íà äîäàíêè,
ÿêi çàâæäè ïåðåòâîðþþòüñÿ äî ôîðìóë iíòåãðóâàííÿ.

Íåïðàâèëüíèé ðàöiîíàëüíèé äðiá, ó ÿêîãî ñòóïiíü ÷èñåëüíèêà âèùå àáî äî-
ðiâíþ¹ ñòóïåíþ çíàìåííèêà, ìîæíà äiëåííÿì ÷èñåëüíèêà íà çíàìåííèê ïðåä-
ñòàâèòè ó âèãëÿäi ñóìè ïîëiíîìó i ïðàâèëüíîãî ðàöiîíàëüíîãî äðîáó, ó ÿêîãî
ñòóïiíü ÷èñåëüíèêà íèæ÷å ñòóïåíÿ çíàìåííèêà.

Ïðàâèëüíèé ðàöiîíàëüíèé äðiá ìîæíà ðîçêëàñòè íà åëåìåíòàðíi, ùî çàâæäè
iíòåãðóþòüñÿ ñêëàäîâi äðîáè íàñòóïíèõ äâîõ âèäiâ:

A

(x− a)m
,

Mx+N

(x2 + px+ q)n
,

m i n � öiëi äîäàòíi ÷èñëà.

Äëÿ ðîçêëàäåííÿ ïðàâèëüíîãî ðàöiîíàëüíîãî äðîáó
P (x)

Q(x)
íà åëåìåíòàðíi

ñêëàäîâi äðîáè, ïîòðiáíî:
à) Ðîçêëàñòè çíàìåííèê Q(x) íà íàéðïðîñòiøi äiéñíi ìíîæíèêè.
Ó çàãàëüíîìó âèïàäêó, âiäïîâiäíî äî îñíîâíî¨ òåîðåìè àëãåáðè, öå ðîçêëà-

äåííÿ ìîæå ìiñòèòè ëiíiéíi òà êâàäðàòè÷íi ìíîæíèêè:

Q(x) = a0(x− a)m . . . (x− b)k · (x2 + px+ q)n . . . (x2 + cx+ d)r.
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á) Íàïèñàòè ñõåìó ðîçêëàäåííÿ äàíîãî äðîáó íà åëåìåíòàðíi äîäàíêè ó íà-
ñòóïíîìó âèãëÿäi:

R(Q)

Q(x)
=

A1

x− a
+

A2

(x− a)2
+ · · ·+ Am

(x− a)m
+ · · ·+

+
B1

x− b
+

B2

(x− b)2
+ · · ·+ Bk

(x− b)k
+

+
M1x+N1

x2 + px+ q
+

M2x+N2

(x2 + px+ q)2
+ . . .+

Mnx+Nn

(x2 + px+ q)n
+ · · ·+

+
C1x+D1

x2 + cx+ d
+

C2x+D2

(x2 + cx+ d)2
+ · · ·+ Crx+Dr

(x2 + cx+ d)r
,

äå A1, . . ., B1, . . ., M1, . . ., N1, . . ., C1, . . ., D1, . . . � äåÿêi ñòàëi. Â öþ ñõå-
ìó äëÿ êîæíîãî ìíîæíèêà â ðîçêëàäåííi çíàìåííèêà Q(x) âïèñó¹òüñÿ ñòiëüêè
åëåìåíòàðíèõ äîäàíêiâ äðîáiâ, ÿêà ¹ éîãî êðàòíiñòü (m, k, n, r, . . .).

Çíàìåííèêàìè åëåìåíòàðíèõ äðîáiâ ¹ âñi öiëi ñòóïåíi êîæíîãî ìíîæíèêà â
ðîçêëàäåííi Q(x), ïî÷èíàþ÷è ç ïåðøîãî ñòóïåíÿ i çàêií÷óþ÷è òèì ñòóïåíåì,
ÿêèé ìíîæíèê ìà¹ â ðîçêëàäåííi Q(x).

×èñåëüíèêàìè åëåìåíòàðíèõ äðîáiâ ñëóæàòü àáî ñòàëi A1, A2, . . ., àáî ëiíiéíi
ôóíêöi¨ M1x+N1, . . ., çâàæàþ÷è íà òå, ÷è ¹ çíàìåííèê äðîáó äåÿêèì ñòóïåíåì
ëiíiéíî¨ ÷è êâàäðàòíî¨ ôóíêöi¨.

â) Çâiëüíèòèñÿ âiä çíàìåííèêiâ, ïîìíîæóþ÷è îáèäâi ÷àñòèíè ðiâíîñòi íà
Q(x).

ã) Ñêëàñòè ñèñòåìó ðiâíÿíü, ïîðiâíþþ÷è êî¹ôiöi¹íòè ïðè îäíàêîâèõ ñòóïå-
íÿõ x â îáîõ ÷àñòèíàõ çäîáóòî¨ òîòîæíîñòi. (×èñëî öèõ ðiâíÿíü ìà¹ äîðiâíþâàòè
÷èñëó íåâiäîìèõ A1, . . ., B1, . . ., M1, . . ., N1, . . ., C1, . . ., D1, . . .).

ä) Ðîçâ'ÿçàòè ñèñòåìó i ïiäñòàâèòè çíàéäåíi çíà÷åííÿ A1, . . ., B1, . . ., M1,
. . ., N1, . . ., C1, . . ., D1, . . . â ñõåìó ðîçêëàäåííÿ.

Ïiñëÿ ðîçêëàäåííÿ íà åëåìåíòàðíi ñêëàäîâi äðîáè iíòåãðóâàííÿ âñÿêîãî ïðà-
âèëüíîãî ðàöiîíàëüíîãî äðîáó çâîäèòüñÿ äî çíàõîäæåííÿ iíòåãðàëiâ âèãëÿäó

I1 =

∫
dx

(x− a)m
i I2 =

∫
Mx+N

(x2 + px+ q)n
.

Iíòåãðàë I1 ïðè m ̸= 1:∫
dx

(x− a)m
=

∫
(x− a)−m d(x− a) =

(x− a)−m+1

−m+ 1
+ C.

à ïðè m = 1: ∫
dx

x− a
= ln |x− a|+ C.

Iíòåãðàë I2 ïðè n = 1 ìîæíà çíàéòè, êîðèñòóþ÷èñü ñïîñîáîì, âêàçàíèì â
ïóíêòi 1.5, à ïðè n = 2, 3, 4, . . . òðåáà ñêîðèñòàòèñü íàñòóïíèì àëãîðèòìîì.
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Çðîáèìî ïiäñòàíîâêó

x+
p

2
= t, dx = dt,

x2 + px+ q = t2 + a2, Mx+N =Mt+

(
N − Mp

2

)
.

Òîäi ∫
Mx+N

(x2 + px+ q)m
dx =

∫ Mt+
(
N − Mp

2

)
(t2 + a2)m

dt =

=
M

2

∫
2t dt

(t2 + a2)m
+

(
N − Mp

2

)∫
dt

(t2 + a2)m
. (1)

Ïåðøèé iç iíòåãðàëiâ ñïðàâà îá÷èñëþ¹òüñÿ ïiäñòàíîâêîþ t2 + a2 = u, 2t dt = du∫
2t dt

(t2 + a2)m
=

∫
du

um
= − 1

m− 1

1

um−1
+ C =

= − 1

m− 1

1

(t2 + a2)m−1
+ C. (2)

Äðóãèé iç iíòåãðàëiâ ñïðàâà, çà áóäü-ÿêîãî m, ìîæå áóòè îá÷èñëåíèé çà ðåêó-
ðåíòíî¨ ôîðìóëè

Jn+1 =
1

2na2
x

(x2 + a2)n
+

2n− 1

2n

1

a2
Jn, (3)

äå

Jn =

∫
dx

(x2 + a2)n
.

Ïîòiì òðåáà ïîêëàñòè â ðåçóëüòàòi t =
2x+ p

2
, ùîá ïîâåðíóòèñÿ äî çìiííî¨ x.

Ïðèêëàä 1. Îá÷èñëèòè iíòåãðàë∫
x2 − x+ 2

x4 − 5x2 + 4
dx.

Ðîçâ'ÿçîê. Ðîçêëàäåìî çíàìåííèê íà ìíîæíèêè. Ïîìi÷àþ÷è, ùî x1 = −1,
x2 = 1, x3 = −2, x4 = 2 ¹ êîðåíÿìè ïîëiíîìà x4 − 5x2 + 4, îäåðæó¹ìî

x4 − 5x2 + 4 = (x− 1) (x− 2) (x+ 1) (x+ 2).

Òîìó ïiäiíòåãðàëüíó ôóíêöiþ ðîçêëàæåìî íà òàêi íàéïðîñòiøi äðîáè:

x2 − x+ 2

(x− 1) (x− 2) (x+ 1) (x+ 2)
=

A

x+ 1
+

B

x− 1
+

C

x+ 2
+

D

x− 2
. (4)
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Ïðèâîäèìî ðiâíiñòü (4) äî ñïiëüíîãî çíàìåííèêà òà âiäêèäà¹ìî éîãî:

x2 − x+ 2 = A (x− 1) (x+ 2) (x− 2) +B (x+ 1) (x+ 2) (x− 2)+
+C (x+ 1) (x− 1) (x− 2) +D (x+ 1) (x− 1) (x+ 2). (5)

Çâiäñè, ïåðåìíîæèâøè i ïðèâiâøè ïîäiáíi ÷ëåíè, ìàòèìåìî:

x2 − x+ 2 = x3 (A+B + C +D) + x2 (−A+B − 2C + 2D)+
+x (−4A− 4B − C −D) + 4A− 4B + 2C − 2D.

Ïðèðiâíÿâøè êîåôiöi¹íòè ïðè îäíàêîâèõ ñòóïåíÿõ x â îáîõ ÷àñòèíàõ òîòî-
æíîñòi, îòðèìà¹ìî ñèñòåìó ðiâíÿíü äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ A, B, C, D:

A+B + C +D = 0,
−A+B − 2C + 2D = 1,
−4A− 4B − C −D = −1,
4A− 4B + 2C − 2D = 2.

Ðîçâ'ÿçàâøè ñèñòåìó, îäåðæèìî: A =
2

3
, B = −1

3
, C = −2

3
, D =

1

3
. Îòæå,

ìè îòðèìàëè ðîçêëàäåííÿ ðàöiîíàëüíîãî äðîáó íà íàéïðîñòiøi:

x2 − x+ 2

x4 − 5x2 + 4
=

2

3 (x+ 1)
− 1

3 (x− 1)
− 2

3 (x+ 2)
+

1

3 (x− 2)
.

Iíòåãðóþ÷è, îäåðæèìî:∫
x2 − x+ 2

x4 − 5x2 + 4
dx =

2

3

∫
dx

x+ 1
− 1

3

∫
dx

x− 1
− 2

3

∫
dx

x+ 2
+

1

3

dx

x− 2
=

=
2

3
ln |x+ 1| − 1

3
ln |x− 1| − 2

3
ln |x+ 2|+ 1

3
ln |x− 2|+ C =

=
1

3
ln

∣∣∣∣(x+ 1)2 (x− 2)

(x− 1) (x+ 2)2

∣∣∣∣+ C.

Çàóâàæåííÿ. Çíàõîäæåííÿ êîåôiöi¹íòiâ ðîçêëàäåííÿ çíà÷íî ñïðîùó¹òüñÿ,
ÿêùî çàñòîñóâàòè òàê çâàíèé ìåòîä äîâiëüíèõ çíà÷åíü. Îñîáëèâî ÿêùî çíàìåí-
íèê ïiäiíòåãðàëüíîãî âèðàçó ìiñòèòü ëèøå äiéñíi ïðîñòi êîðåíi.

Íàïðèêëàä, îäåðæàíà ðiâíiñòü (5), ¹ òîòîæíiñòü, ùî âèêîíó¹òüñÿ ïðè áóäü-
ÿêîìó çíà÷åííi x. Òîìó îáåðåìî ÷îòèðè (çà êiëüêiñòþ íåâiäîìèõ êîåôiöi¹íòiâ)
çíà÷åííÿ x òàêèì ÷èíîì, ùîá êîæíå îáåðòàëî â íóëü ÿêèéñü iç ñïiâìíîæíèêiâ
â ïðàâié ñòîðîíi (5).

Òàêèìè çíà÷åííÿìè ¹ êîðåíi çíàìåííèêà x1 = −1, x2 = 1, x3 = −2, x4 = 2.
Ïiäñòàâëÿþ÷è ïî ÷åðçi öi çíà÷åííÿ â ðiâíiñòü (5), îäåðæèìî:

ïðè x = −1 ìà¹ìî: 4 = A (−2)(1)(−3) +B · 0 + C · 0 +D · 0, çâiäêè A =
2

3
;
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ïðè x = 1 ìà¹ìî: 2 = A · 0 +B · 2 · 3 (−1) + C · 0 +D · 0, çâiäêè B = −1

3
;

ïðè x = −2 ìà¹ìî: 8 = A ·0+B ·0+C (−1)(−3)(−4)+D ·0, çâiäêè C = −2

3
;

ïðè x = 2 ìà¹ìî: 4 = A · 0 +B · 0 + C · 0 +D · 3 · 1 · 4, çâiäêè D =
1

3
.

Ïðèêëàä 2. Îá÷èñëèòè iíòåãðàë∫
(x− 1) dx

x2 (x− 2) (x+ 1)2
.

Ðîçâ'ÿçîê. Ðîçêëàäåííÿ íà íàéïðîñòiøi äðîáè ìà¹ âèãëÿä

(x− 1)

x2 (x− 2) (x+ 1)2
=
A

x2
+
B

x
+

C

x− 2
+

D

(x+ 1)2
+

F

x+ 1
.

Ïðèâîäèìî ïðàâó ÷àñòèíó äî ñïiëüíîãî çíàñåííèêà òà ïðèðiâíþ¹ìî ÷èñåëü-
íèêè

x− 1 = A (x− 2) (x+ 1)2 +Bx (x− 2) (x+ 1)2+
+Cx2 (x+ 1)2 +Dx2 (x− 2) + Fx2 (x+ 1) (x− 2). (6)

Ïðèïóñêàþ÷è ïîñëiäîâíî x = 0, x = 2, x = −1, çíàõîäèìî, ùî −1 = −2A,
1 = 36D,
−2 = −3D,

çâiäêè A =
1

2
, C =

1

36
, D =

2

3
. Ïiäñòàâèìî öi çíà÷åííÿ â (6) i ðîçêðè¹ìî äóæêè.

Îäåðæèìî:

x−1 =

(
B + F +

1

36

)
x4+

(
11

9
− F

)
x3+

(
−3B − 2F − 23

36

)
x2+

(
−3

2
− 2B

)
x−1.

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè x3 i x, îäåðæèìî:

11

9
− F = 0, −3

2
− 2B = 1

çâiäêè B = −5

4
, F =

11

9
. Îòæå,

A =
1

2
, B = −5

4
, C =

1

36
, D =

2

3
, F =

11

9
.

Òîäi ìà¹ìî∫
(x− 1) dx

x2 (x− 2) (x+ 1)2
=

1

2

∫
dx

x2
−5

4

∫
dx

x
+

1

36

∫
dx

x− 2
+
2

3

∫
dx

(x+ 1)2
+
11

9

∫
dx

x+ 1
=
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= − 1

2x
− 5

4
ln |x|+ 1

36
ln |x− 2| − 2

3 (x+ 1)
+

11

9
ln |x+ 1|+ C.

Ïðèêëàä 3. Îá÷èñëèòè iíòåãðàë∫
3x2 + 5x+ 12

(x2 + 3) (x2 + 1)
dx.

Ðîçâ'ÿçîê. Çíàìåííèê íå ìà¹ äiéñíèõ êîðåíiâ. Ìíîæíèêè çíàìåííèêà äðó-
ãîãî ñòóïåíÿ é íå ïîâòîðþþòüñÿ, òîìó ðîçêëàäåííÿ äàíîãî ïðàâèëüíîãî äðîáó
íà íàéïðîñòiøi ìà¹ âèãëÿä:

3x2 + 5x+ 12

(x2 + 3) (x2 + 1)
=
Ax+B

x2 + 3
+
Cx+D

x2 + 1
.

Ïðèâîäèìî äðîáè â ïðàâié ÷àñòèíi ðiâíîñòi äî ñïiëüíîãî çíàìåííèêà i ïðè-
ðiâíþ¹ìî ÷èñåëüíèêè:

3x2 + 5x+ 12 = (Ax+B) (x2 + 1) + (Cx+D) (x2 + 3) =
= (A+ C)x3 + (B +D)x2 + (A+ 3C)x+ (B + 3D).

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè îäíàêîâèõ ñòóïåíÿõ x â ëiâié òà ïðàâié ÷à-
ñòèíàõ ðiâíîñòi, áóäåìî ìàòè: 

A+ C = 0,
B +D = 3,
A+ 3C = 5,
B + 3D = 12.

Çâiäñè, ðîçâ'ÿçóþ÷è ñèñòåìó, îäåðæèìî A = −5

2
, B = −3

2
, C =

5

2
, D =

9

2
,

çâiäêè
3x2 + 5x+ 12

(x2 + 3) (x2 + 1)
= −1

2
· 5x+ 3

x2 + 3
+

5x+ 9

2 (x2 + 1)

i∫
3x2 + 5x+ 12

(x2 + 3) (x2 + 1)
dx = −5

2

∫
x dx

x2 + 3
− 3

2

∫
dx

x2 + 3
+
5

2

∫
x dx

x2 + 1
+
9

2

∫
dx

x2 + 1
=

= −5

4
ln(x2 + 3)−

√
3

2
arctg

x√
3
+

5

4
ln(x2 + 1) +

9

2
arctg x+ C.

Ïðèêëàä 4. Îá÷èñëèòè iíòåãðàë∫
3x+ 1

x (1 + x2)2
dx.
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Ðîçâ'ÿçîê. Ðîçêëàäåìî äàíèé äðîá íà íàéïðîñòiøi

3x+ 1

x (1 + x2)2
=
A

x
+
Bx+ C

1 + x2
+
Dx+ F

(1 + x2)2
.

Ïðèâåäåìî äî ñïiëüíîãî çíàìåííèêà ïðàâó ÷àñòèíó ðiâíîñòi òà ïðèðiâíþ¹ìî
÷èñåëüíèêè, îäåðæó¹ìî:

3x+ 1 = A (1 + x2)2 + (Bx+ C)x (1 + x2) + (Dx+ F )x =
= (A+B)x4 + Cx3 + (2A+B +D)x2 + (C + F )x+ A.

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè îäíàêîâèõ ñòóïåíÿõ x â ïðàâié i ëiâié ÷àñòè-
íàõ, îäåðæèìî ñèñòåìó ðiâíÿíü:

A+B = 0,
C = 0,
2A+B +D = 0,
C + F = 3,
A = 1.

Ðîçâ'ÿçàâøè ñèñòåìó, îòðèìó¹ìî: A = 1, B = −1, C = 0, D = −1, F = 3.
Îòæå,

3x+ 1

x (1 + x2)2
=

1

x
− x

1 + x2
+

−x+ 3

(1 + x2)2
,∫

3x+ 1

x (1 + x2)2
dx =

∫
dx

x
−
∫

x dx

1 + x2
−
∫

x dx

(1 + x2)2
+ 3

∫
dx

(1 + x2)2
.

Çíàõîäèìî iíòåãðàëè: ∫
dx

x
= ln |x|,∫

x dx

1 + x2
=

[
t = 1 + x2

dt = 2x dx

]
=

1

2

∫
dt

t
=

1

2
ln |t| = 1

2
ln(1 + x2),∫

x dx

(1 + x2)2
=

[
t = 1 + x2

dt = 2x dx

]
=

1

2

∫
dt

t2
= −1

2

1

t
= − 1

2 (1 + x2)

Äëÿ îñòàííüîãî iíòåãðàëà âèêîðèñòîâó¹ìî ðåêóðåíòíó ôîðìóëó (3):∫
dx

(1 + x2)2
=

1

2 · 1 · 12
x

x2 + 1
+

2 · 1− 1

2 · 1
1

12

∫
dx

1 + x2
=

x

2 (x2 + 1)
+

1

2
arctg x.

Îòæå, îñòàòî÷íî ìà¹ìî:∫
3x+ 1

x (1 + x2)2
dx = ln |x| − 1

2
ln(1 + x2) +

3x+ 1

2 (x2 + 1)
+

3

2
arctg x+ C.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà
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Çíàéòè iíòåãðàëè:

1.
∫ dx

x3 − x2
. 2.

∫ dx

x3 + x
.

3.
∫ x dx

x3 − 1
. 4.

∫ (x2 + 1) dx

x3 − 3x2 + 3x− 1
.

5.
∫ 2x4 − x2 + 1

x3 − x
dx. 6.

∫ x2 − 3

x2 − 1
dx.

7.
∫ x2 + 1

(x2 − 1) (x2 − 4)
dx. 8.

∫ x3 + 5

(x− 1) (x2 + 4)
dx.

9.
∫ 7x− 15

x3 − 2x2 + 5x
dx. 10.

∫ 2t5 − 2t+ 1

1− t4
dt.

11.
∫ z2 dz

z4 + 5z2 + 4
. 12.

∫ x4 dx

x4 − 2x2 + 1
.

13.
∫ 5x− 14

x3 − x2 − 4x+ 4
dx. 14.

∫ dx

(x− 1)3 (x+ 1)2
.

15.
∫ 11x+ 16

(x− 1) (x+ 2)2
dx. 16.

∫ (x− 1)2 dx

(x+ 1)2 (x− 4)
.

1.8 Iíòåãðóâàííÿ äåÿêèõ iððàöiîíàëüíèõ ôóíêöié

Iððàöiîíàëüíi ôóíêöi¨ iíòåãðóþòüñÿ â åëåìåíòàðíèõ ôóíêöiÿõ ëèøå â äå-
ÿêèõ ïåâíèõ âèïàäêàõ. Ðîçãëÿíåìî íàéáiëüø óæèâàíi âèäè iíòåãðàëiâ âiä iððà-
öiîíàëüíèõ ôóíêöié, ÿêi âèðàæàþòüñÿ ÷åðåç åëåìåíòàðíi ôóíêöi¨:

I. Iíòåãðàë
∫
R(x, xα, xβ, . . .) dx, äå R � ðàöiîíàëüíà ôóíêöiÿ, α =

m1

n1
, β =

m2

n2
, . . . � ðàöiîíàëüíi ÷èñëà, çâîäèòüñÿ äî iíòåãðàëó âiä ðàöiîíàëüíî¨ ôóíêöi¨, i,

îòæå, âèðàæà¹òüñÿ â åëåìåíòàðíèõ ôóíêöiÿõ çà äîïîìîãîþ ïiäñòàíîâêè x = tk,
äå k � ñïiëüíèé çíàìåííèê âñiõ äðîáîâèõ ïîêàçíèêiâ ó x.

Iíòåãðàëè áiëüø çàãàëüíîãî âèãëÿäó
∫
R
[
x, (ax+ b)α, (ax+ b)β, . . .

]
dx àáî∫

R

[
x,

(
ax+ b

cx+ d

)α

,

(
ax+ b

cx+ d

)β

, . . .

]
dx çíàõîäÿòüñÿ (ïðèâîäÿòüñÿ äî ðàöiîíàëü-

íîãî âèãëÿäó) çà äîïîìîãîþ àíàëîãi÷íèõ ïiäñòàíîâîê: ax+ b = tk àáî
ax+ b

cx+ d
=

tk.
II. Äî iíòåãðàëiâ âiä ôóíêöié, ùî ðàöiîíàëüíî çàëåæàòü âiä òðèãîíîìåòðè-

÷íèõ ôóíêöié, çâîäÿòüñÿ iíòåãðàëè:∫
R(x,

√
a2 − x2) dx � ïiäñòàíîâêîþ x = a sin t;

∫
R(x,

√
a2 + x2) dx � ïiäñòàíîâêîþ x = a tg t;
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∫
R(x,

√
x2 − a2) dx � ïiäñòàíîâêîþ x = a/ cos t.

III. Iíòåãðàë âiä äèôåðåíöiàëüíîãî áiíîìó
∫
xm(a + bxn)p dx çâîäèòüñÿ äî

iíòåãðàëó âiä ðàöiîíàëüíèõ ôóíêöié â òðüîõ âèïàäêàõ:
1) êîëè p � öiëå ÷èñëî, � ðîçêëàäåííÿì íà äîäàíêè çà ôîðìóëîþ áiíîìó

Íüþòîíà.

2) êîëè
m+ 1

n
� öiëå ÷èñëî, � ïiäñòàíîâêîþ a+ bxn = zr.

3) êîëè
m+ 1

n
+ p � öiëå ÷èñëî, � ïiäñòàíîâêîþ a+ bxn = xnzr.

Ïðèêëàä 1. Îá÷èñëèòè iíòåãðàë∫
x1/2 dx

x3/4 + 1
.

Ðîçâ'ÿçîê.Ïiä iíòåãðàëîì ìà¹ìî ðàöiîíàëüíó ôóíêöiþ âiä äðîáîâèõ ñòóïåíiâ
x. Ñïiëüíå íàéìåíøå êðàòíå çíàìåííèêiâ 2 òà 4 äîðiâíþ¹ 4, òîìó ââàæà¹ìî:
x = t4, dx = 4t3 dt. Çâiäñè∫

x1/2 dx

x3/4 + 1
=

[
x = t4

dx = 4t3 dt

]
= 4

∫
t2t3

t3 + 1
dt = 4

∫
t5 dt

1 + t3
.

Ïiäñòàíîâêà ïðèçâåëà äî ðàöiîíàëüíîãî äðîáó:

4

∫
t5 dt

1 + t3
= 4

∫ (
t2 − t2

t3 + 1

)
dt =

4

3
t3 − 4

3
ln |t3 + 1|+ C.

Ïîâåðòàþ÷èñü äî çìiííî¨ x, îòðèìà¹ìî:∫
x1/2 dx

x3/4 + 1
=

4

3

(
x3/4 − ln |x3/4 + 1|

)
+ C.

Ïðèêëàä 2. Îá÷èñëèòè iíòåãðàë∫
dx

(1− x)
√
1− x2

.

Ðîçâ'ÿçîê. Òàê ÿê

(1− x)
√

1− x2 = (1− x)
√

(1− x) (1 + x) = (1− x) (1 + x)

√
1− x

1 + x
,

òî ïiäiíòåãðàëüíèé âèðàç ¹ ðàöiîíàëüíîþ ôóíêöi¹þ âiä x i

√
1− x

1 + x
, òîìó çðî-

áèìî ïiäñòàíîâêó
1− x

1 + x
= t2, çâiäêè

x =
1− t2

1 + t2
, dx =

−4t dt

(1 + t2)2
, 1− x =

2t2

1 + t2
, 1 + x =

2

1 + t2
.
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Îòæå∫
dx

(1− x)
√
1− x2

= −
∫

4t dt

(1 + t2)2 · 2t2

1+t2 ·
2

1+t2 · t
= −

∫
dt

t2
=

1

t
+ C.

Ïîâåðòàþ÷èñü äî çìiííî¨ x, îäåðæó¹ìî:∫
dx

(1− x)
√
1− x2

=

√
1 + x

1− x
+ C.

Ïðèêëàä 3. Çíàéòè iíòåãðàë∫
1 +

4√
x

x+
√
x
dx.

Ðîçâ'ÿçîê. Ïîêëàâøè x = t4, ìà¹ìî dx = 4t3 dt:∫
1 +

4√
x

x+
√
x
dx =

[
x = t4

dx = 4t3 dt

]
=

∫
1 + t

t4 + t2
4t3 dt = 4

∫
t2 + t

t2 + 1
dt =

= 4

∫ (
1 +

t− 1

t2 + 1

)
dt = 4

(∫
dt+

∫
t dt

t2 + 1
−
∫

dt

t2 + 1

)
=

= 4t+ 2 ln(t2 + 1)− 4 arctg t+ C,

Ïîâåðòàþ÷èñü äî çìiííî¨ x, ìà¹ìî∫
1 +

4√
x

x+
√
x
dx = 4

4√
x+ 2 ln(1 +

√
x)− 4 arctg

4√
x+ C.

Ïðèêëàä 4. Çíàéòè iíòåãðàë∫
1

x2

√
1 + x

x
dx.

Ðîçâ'ÿçîê. Âiçüìåìî ïiäñòàíîâêó
1 + x

x
= t2, çâiäêè çíàõîäèìî x =

1

t2 − 1
,

dx = − 2t dt

(t2 − 1)2
,

∫
1

x2

√
1 + x

x
dx =

∫
(t2 − 1)2 t · −2t dt

(t2 + 1)2
= −2

∫
t2 dt =

= −2

3
t3 + C = C − 2

3

√(
1 + x

x

)3

.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà
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Çíàéòè iíòåãðàëè:

1.
∫ dx

(1 +
3√
x)

√
x
. 2.

∫
x
√
3− x dx.

3.
∫ x+ 1

3√
3x+ 1

dx. 4.
∫ x3 dx

1 +
3√
x4 + 1

.

5.
∫ √

x+ 1−
√
x− 1√

x+ 1 +
√
x− 1

dx. 6.
∫ 1−

√
x+ 1

1 +
√
x+ 1

dx.

7.
∫ 1

x

√
x− 2

x
dx. 8.

∫ dx√
(5− x2)3

.

9.
∫ √

1 + x2

x2
dx. 10.

∫
x2

√
4− x2 dx.

11.
∫ dx

x
√
x2 − 9

. 12.
∫ 3
√

(1 + 2x3)2

x6
dx.

1.9 Iíòåãðóâàííÿ äåÿêèõ òðàíñöåíäåíòíèõ (íåàëãåáðà¨÷íèõ)
ôóíêöié

Äî iíòåãðàëiâ âiä ðàöiîíàëüíèõ ôóíêöié çâîÿòüñÿ íàñòóïíi iíòåãðàëè (R �
ðàöiîíàëüíà ôóíêöiÿ):

I.
∫
R(sinx, cosx) dx � ïiäñòàíîâêîþ z = tg

x

2
.

Ïðè öüîìó sinx =
2z

1 + z2
, cosx =

1− z2

1 + z2
, dx =

2 dz

1 + z2
.

II.
∫
R(tg x) dx � ïiäñòàíîâêîþ tg x = z.

Ïðè öüîìó x = arctg z, dx =
dx

1 + z2
.

III.
∫
R(ex) dx � ïiäñòàíîâêîþ ex = z.

Ïðè öüîìó x = ln z, dx =
dz

z
.

Ïðèêëàä 1. Îá÷èñëèòè iíòåãðàë∫
1 + sin x

sinx (1 + cos x)
dx.

Ðîçâ'ÿçîê. Ðîáèìî ïiäñòàíîâêó tg
x

2
= t çãiäíî ç ïðàâèëîì I. Òîäi ìà¹ìî:

∫
1 + sin x

sinx (1 + cos x)
dx =

∫ (
1 + 2t

1+t2

)
2 dt
1+t2

2t
1+t2

(
1 + 1−t2

1+t2

) = 1

2

∫ (
1

t
+ t+ 2

)
dt =

=
1

2

(
ln |t|+ 1

2
t2 + 2t

)
+ C =

1

2

(
ln
∣∣∣tg x

2

∣∣∣+ 1

2
tg2

x

2
+ 2 tg

x

2

)
+ C.
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Ïðèêëàä 2. Çíàéòè iíòåãðàë∫
dx

2 sinx− cosx
.

Ðîçâ'ÿçîê. Ââàæàþ÷è tg
x

2
= z, âiäïîâiäíî ïðàâèëó I îäåðæèìî∫

dx

2 sinx− cosx
=

∫
2 dz

z2 + 4z − 1
= 2

∫
d(z + 2)

(z + 2)2 − 5
=

=
1√
5
ln

∣∣∣∣∣z + 2−
√
5

z + 2 +
√
5

∣∣∣∣∣+ C =
1√
5
ln

∣∣∣∣∣2−
√
5 + tg x

2

2 +
√
5 + tg x

2

∣∣∣∣∣+ C.

Ïðèêëàä 3. Çíàéòè iíòåãðàë∫
tg x dx

1− ctg2 x
.

Ðîçâ'ÿçîê. Ââàæàþ÷è tg x = z, âiäïîâiäíî ïðàâèëó II îäåðæèìî∫
tg x dx

1− ctg2 x
=

∫
z3 dz

z4 − 1
=

1

4

∫
d(z4 − 1)

z4 − 1
=

=
1

4
ln |z4 − 1|+ C =

1

4
ln | tg4 x− 1|+ C.

Ïðèêëàä 4. Îá÷èñëèòè iíòåãðàë∫
dx

ex (1− ex)
.

Ðîçâ'ÿçîê. Çà ïðàâèëîì III ðîáèìî ïiäñòàíîâêó ex = t, x = ln t, dx =
dt

t
.

∫
dx

ex (1− ex)
=

∫ dt
t

t (1− t)
=

∫
dt

t2 (1− t)
.

Iíòåãðó¹ìî:∫
dx

ex (1− ex)
=

∫
dt

t2
+

∫
dt

t
+

∫
dt

1− t
= −1

t
+ ln |t|+ ln |1− t|+ C =

= − 1

ex
+ x+ ln |1− ex|+ C = e−x + x+ ln |1− ex|+ C.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè iíòåãðàëè:

1.
∫ cosx dx

1 + cos x
. 2.

∫ dx

sin3 x
.
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3.
∫ dx

4 cosx+ 3 sinx
. 4.

∫
tg5 3x dx.

5.
∫ dx

8− 4 sinx+ 7 cosx
. 6.

∫ dx

(1 + cos x) sinx
.

7.
∫ dx

1 + tg x
. 8.

∫ dx

(1 + sin x) cosx
.

9.
∫ dx

3 + 5 cosx
. 10.

∫ −3 sinx+ 2 cosx

2 sinx+ 3 cosx
dx.

11.
∫ (1 + sin x) dx

sinx(1 + cos x)
. 12.

∫ dx

sinx cos3 x
.

13.
∫ e2t − 2et

1 + e2t
dt. 14.

∫ ex − 1

ex + 1
dx.

15.
∫ 1 + ex

(1− e2x) ex
dx. 16.

∫ dx√
e2x + ex + 1

.

2 Âèçíà÷åíèé iíòåãðàë òà éîãî ïðèêëàäåííÿ

2.1 Âèçíà÷åíèé iíòåãðàë

Âèçíà÷åíèé iíòåãðàë âiä ôóíêöi¨ f(x) â ìåæàõ âiä a äî b ïîçíà÷à¹òüñÿ

b∫
a

f(x) dx.

Ïðè çíàõîäæåííi âèçíà÷åíèõ iíòåãðàëiâ ìîæóòü ñòàòè ó íàãîäi íàñòóïíi âëà-
ñòèâîñòi öèõ iíòåãðàëiâ:

1. Ïðè ïåðåñòàíîâöi ìåæ çìiíþ¹òüñÿ çíàê iíòåãðàëó:

b∫
a

f(x) dx = −
a∫

b

f(x) dx.

2. Iíòåãðàë ç îäíàêîâèìè ìåæàìè äîðiâíþ¹ íóëþ:

a∫
a

f(x) dx = 0.

3. Âiäðiçîê iíòåãðóâàííÿ ìîæíà ðîçáèâàò íà ÷àñòèíè:

b∫
a

f(x) dx =

c∫
a

f(x) dx+

b∫
c

f(x) dx.



28

4. Iíòåãðàë âiä ñóìè (ðiçíèöi) ôóíêöié äîðiâíþ¹ ñóìi (ðiçíèöi) iíòåãðàëiâ âiä
âñiõ äîäàíêiâ:

b∫
a

[f1(x) + f2(x)− f3(x)] dx =

b∫
a

f1(x) dx+

b∫
a

f2(x) dx−
b∫

a

f3(x) dx.

5. Ïîñòiéíèé ìíîæíèê ìîæíà âèíîñèòè çà çíàê iíòåãðàëó:

b∫
a

cf(x) dx = c

b∫
a

f(x) dx.

Äëÿ îá÷èñëåííÿ âèçíà÷åíîãî iíòåãðàëó, êîëè ìîæíà çíàéòè âiäïîâiäíèé íå-
âèçíà÷åíèé iíòåãðàë, ñëóæèòü ôîðìóëà Íüþòîíà � Ëåéáíiöà

b∫
a

f(x) dx =

∫
f(x) dx

∣∣∣∣b
a

= F (x)|ba = F (b)− F (a),

òîáòî, âèçíà÷åíèé iíòåãðàë äîðiâíþ¹ ðiçíèöi çíà÷åíü íåâèçíà÷åíîãî iíòåãðàëó
ïðè âåðõíié òà íèæíié ìåæàõ iíòåãðóâàííÿ.

Ïðèêëàä 1. Îá÷èñëèòè iíòåãðàë

3∫
2

3x2 dx.

Ðîçâ'ÿçîê. Çàñòîñó¹ìî ôîðìóëó Íüþòîíà � Ëåéáíiöà:

3∫
2

3x2 dx = 3

3∫
2

x2 dx = x3
∣∣3
2
= 33 − 23 = 27− 8 = 19.

Ïðèêëàä 2. Îá÷èñëèòè iíòåãðàë

4∫
0

(
1 + e

x
4

)
dx.

Ðîçâ'ÿçîê. Çíàõîäèìî:

4∫
0

(
1 + e

x
4

)
dx =

4∫
0

dx+

4∫
0

e
x
4 dx =

[
t = x

4 x = 4 t = 1
dt = 1

4 dx x = 0 t = 0

]
=
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4∫
0

dx+ 4

1∫
0

et dt = x|40 + 4et
∣∣1
0
= 4− 0 + 4e1 − 4e0 = 4 + 4e− 4 = 4e.

Ïðèêëàä 3. Îá÷èñëèòè iíòåãðàë

π
2∫

π
4

dx

sin2 x
.

Ðîçâ'ÿçîê. Òàê ÿê îäíi¹þ ç ïåðâiñíèõ äëÿ ôóíêöi¨ f(x) =
1

sin2 x
¹ ôóíêöiÿ

F (x) = − ctg x, òî

π
2∫

π
4

dx

sin2 x
= − ctg x|

π
2
π
4
= −(0− 1) = 1.

Ïðèêëàä 4. Îá÷èñëèòè iíòåãðàë

100π∫
0

√
1− cos 2x dx.

Ðîçâ'ÿçîê. Ìà¹ìî:
√
1− cos 2x =

√
2 | sinx|. Òîìó

100π∫
0

√
1− cos 2x dx =

√
2

100π∫
0

| sinx| dx =

=
√
2

 π∫
0

sinx dx−
2π∫
π

sinx dx+

3π∫
2π

sinx dx−
4π∫

3π

sinx dx+ . . .+

100π∫
99π

sinx dx

 =

=
√
2 (2 + 2 + 2 + . . .+ 2) = 200

√
2.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Îá÷èñëèòè iíòåãðàëè:

1.
5∫
1

dx

3x− 2
. 2.

1∫
0

dx

(2z + 1)3
.

3.
2∫
1

dt

t2 + 5t+ 4
. 4.

2∫
0

x+ 3

x2 + 4
dx.

5.

3√e∫
1

dx

x
√

1− (lnx)2
. 6.

−π/4∫
−π/2

cos3 x
3√
sinx

.
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7.

√
2
2∫
0

dx
3√
1− x2

. 8.
e∫
1

sin(lnx)

x
dx.

9.
1∫
0

z3

z8 + 1
dz. 10.

π
3∫
π
6

dx

cos2 x sin4 x
.

11.
a∫

−a

x cos x
a dx. 12.

π∫
0

cos x
2 cos

3x
2 dx.

13.
3∫
2

dx√
5 + 4x− x2

. 14.
2∫
1

ex dx

ex − 1
.

15.
π∫

−π

x sinx cosx dx. 16.
e∫
1

(1 + ln y)2 dy.

2.2 Çàìiíà çìiííî¨ ó âèçíà÷åíîìó iíòåãðàëi

Ïðè îá÷èñëåííi âèçíà÷åíèõ iíòåãðàëiâ ÷àñòî çðó÷íî çàìiíèòè çìiííó iíòå-

ãðóâàííÿ. Ïðè öüîìó, ÿêùî âèçíà÷åíèé iíòåãðàë
b∫
a

f(x) dx ïåðåòâîðþ¹òüñÿ çà

äîïîìîãîþ ïiäñòàíîâêè x = φ(t) [àáî t = ψ(x)] â iíøèé iíòåãðàë, ç íîâîþ çìií-
íîþ iíòåãðóâàííÿ t, òî ñòàði ìåæi x1 = a i x2 = b íåîáõiäíî çàìiíèòè íîâèìè
ìåæàìè t1 = α i t2 = β, ÿêi âèçíà÷àþòüñÿ ç âèõiäíî¨ ïiäñòàíîâêè, òîáòî ç ðiâ-
íÿíü a = φ(α), b = φ(β) [àáî α = ψ(a), β = ψ(b)]. ßêùî φ′(t) áåçïåðåðâíà íà
âiäðiçêó [α, β], òî

b∫
a

f(x) dx =

β∫
α

f [φ(t)]φ′(t) dt =

β∫
α

F (t) dt.

Ïðèêëàä 1. Îá÷èñëèòè iíòåãðàë

5∫
0

x dx√
1 + 3x

.

Ðîçâ'ÿçîê. Ïiñëÿ òîãî ÿê ìè ââîäèìî íîâó çìiííó
√
1 + 3x = t òðåáà çíàéòè

íîâi ìåæi iíòåãðóâàííÿ: t1 = 1 ïðè x1 = 0; t2 = 4 ïðè x2 = 5. Òîäi ìà¹ìî

5∫
0

x dx√
1 + 3x

=

 √
1 + 3x = t 1 + 3x = t2

x =
t2 − 1

3
dx =

2

3
t dt

 =

=
2

9

4∫
1

(t2 − 1) dt =
2

9

(
t3

3
− t

)∣∣∣∣4
1

=
2

9

(
64− 1

3
− 4 + 1

)
= 4.
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Ïðèêëàä 2. Îá÷èñëèòè iíòåãðàë

ln 3∫
ln 2

dx

ex − e−x
.

Ðîçâ'ÿçîê. Ââàæàþ÷è ex = t çíàõîäèìî íîâi ìåæi: t1 = 2 ïðè x1 = ln 2;
t2 = 3 ïðèx2 = ln 3. Äàëi çíàõîäèìî

ln 3∫
ln 2

dx

ex − e−x
=

[
ex = t

x = ln t dx =
dt

t

]
=

3∫
2

dt

t (t− t−1)
=

3∫
2

dt

t2 − 1
=

=
1

2
ln
t− 1

t+ 1

∣∣∣∣3
2

=
1

2

(
ln

2

4
− ln

1

3

)
=

ln 1, 5

2
.

Ïðèêëàä 3. Îá÷èñëèòè iíòåãðàë

ln 5∫
0

ex
√
ex − 1

ex + 3
dx.

Ðîçâ'ÿçîê. Çðîáèìî ïiäñòàíîâêó
√
ex − 1 = t, çâiäñè ïðè x1 = 0 t1 = 0; ïðè

x2 = ln 5 t2 = 2. Òîäi ìà¹ìî:

ln 5∫
0

ex
√
ex − 1

ex + 3
dx =

 √
ex − 1 = t ex = 1 + t2

x = ln(1 + t2) dx =
2t dt

1 + t2

 = 2

2∫
0

t2 dt

t2 + 4
=

= 2

2∫
0

(t2 + 4− 4) dt

t2 + 4
= 2

2∫
0

(
1− 4

t2 + 4

)
dt = 2

(
t− 2 arctg

t

2

)∣∣∣∣2
0

= 4− π.

Ïðèêëàä 4. Îá÷èñëèòè iíòåãðàë
√
3∫

1

(x3 + 1) dx

x2
√
4− x2

.

Ðîçâ'ÿçîê. Ïîêëàäåìî x = 2 sin t. Òîäi îäåðæèìî íîâi ìåæi: t1 =
π

6
ïðè

x1 = 1; t2 =
π

3
ïðè x2 =

√
3. Äàëi îäåðæó¹ìî:

√
3∫

1

(x3 + 1) dx

x2
√
4− x2

=

[
x = 2 sin t

dx = 2 cos tdt

]
=

π
3∫

π
6

8 sin3 t+ 1

4 sin2 t
dt =
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= 2

π
3∫

π
6

sin t dt+
1

4

π
3∫

π
6

dt

sin2 t
=

(
−2 cos t− 1

4
ctg t

)∣∣∣∣π3
π
6

=

= −2

(
1

2
−

√
3

2

)
− 1

4

(√
3

3
−

√
3

)
=

7

2
√
3
− 1.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Îá÷èñëèòè iíòåãðàëè:

1.
1∫
0

x2 dx

(x+ 1)4
. 2.

ln 2∫
0

√
ex − 1 dx.

3.

√
7∫

√
3

x3 dx
3
√

(x2 + 1)2
. 4.

e∫
1

4
√
1 + ln x

x
dx.

5.
3∫

−3

x2
√
9− x2 dx. 6.

1∫
5

t dt√
5 + 4t

.

7.
0∫

ln 3

1− ex

1 + ex
dx. 8.

0∫
−1

dx

1 +
3
√
x+ 1

.

9.
8∫
3

x dx√
1 + x

. 10.
2∫
1

dx

x
√
1 + x2

.

11.

√
3∫

1

√
1 + x2

x2
dx. 12.

1∫
0

√
ex dx√

ex + e−x
.

13.
29∫
3

3
√

(x− 2)2 dx

3 + 3
√

(x− 2)2
. 14.

6∫
3

√
x2 − 9

x4
dx.

15.
1∫

√
2
2

√
4− x2

x2
dx. 16.

a∫
0

dx

x+
√
a2 − x2

.

17.

π
2∫
0

dx

2 + cos x
. 18.

π
2∫
0

dx

1 + sin x+ cosx
.

19.

π
2∫
0

dx

1 + a2 sin2 x
. 20.

π
2∫
0

cosx dx

6− 5 sinx+ sin2 x
.

2.3 Iíòåãðóâàííÿ ÷àñòèíàìè ó âèçíà÷åíîìó iíòåãðàëi

Ôîðìóëà iíòåãðóâàííÿ ÷àñòèíàìè äëÿ âèçíà÷åíèõ iíòåãðàëiâ ìà¹ âèãëÿä

b∫
a

u dv = uv|ba −
b∫

a

v du,

äå ôóíêöi¨ u i v ìàþòü áåçïåðåðâíi ïîõiäíi íà [a, b].
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Ïðèêëàä 1. Îá÷èñëèòè iíòåãðàë
1∫
0

x3 arctg x dx.

Ðîçâ'ÿçîê. Çíàõîäèìî

1∫
0

x3 arctg x dx =

 u = arctg x dv = x3 dx

du =
dx

1 + x2
v =

x4

4

 =

=
x4

4
arctg x

∣∣∣∣1
0

− 1

4

1∫
0

x4 dx

1 + x2
=

1

4
· arctg 1− 0− 1

4

 1∫
0

x4 − 1 + 1

1 + x2
dx

 =

=
1

4
· π
4
− 1

4

 1∫
0

x4 − 1

x2 + 1
dx+

1∫
0

dx

1 + x2

 =

=
π

16
− 1

4

 1∫
0

(x2 − 1)(x2 + 1)

x2 + 1
dx+ arctg x

∣∣∣∣∣∣
1

0

 =

=
π

16
− 1

4

 1∫
0

(x2 − 1) dx+ arctg 1− arctg 0

 =

=
π

16
− 1

4

[
x3

3

∣∣∣∣1
0

− x|10 +
π

4
− 0

]
=

π

16
− 1

4

[
1

3
− 0− 1 +

π

4

]
=

=
π

16
− 1

4
·
(
−2

3

)
− π

16
=

1

6
.

Ïðèêëàä 2. Îá÷èñëèòè iíòåãðàë
1∫
0

x2 arctg x dx.

Ðîçâ'ÿçîê. Çíàõîäèìî

1∫
0

x2 arctg x dx =

 u = arctg x dv = x2 dx

du =
dx

1 + x2
v =

x3

3

 =

=
x3

3
arctg x

∣∣∣∣1
0

− 1

3

1∫
0

x3 dx

1 + x2
=

[
t = x2

dt = 2x dx

]
=

=
1

3
arctg 1− 0− 1

3
· 1
2

1∫
0

t dt

1 + t
=

1

3
· π
4
− 1

6

1∫
0

t+ 1− 1

t+ 1
dt =
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=
π

12
− 1

6

 1∫
0

dt−
1∫

0

dt

1 + t

 =
π

12
− 1

6
(t− ln |1 + t|)

∣∣∣∣1
0

=

=
π

12
− 1

6
[1− 0− ln 2 + ln 1] =

π

12
− 1

6
(1− ln 2) .

Ïðèêëàä 3. Îá÷èñëèòè iíòåãðàë
1∫
0

x arctg x dx.

Ðîçâ'ÿçîê. Çíàõîäèìî

1∫
0

x arctg x dx =

 u = arctg x dv = x dx

du =
dx

1 + x2
v =

x2

2

 =

=
x2

2
arctg x

∣∣∣∣1
0

− 1

2

1∫
0

x2 dx

1 + x2
=

1

2
arctg 1− 0− 1

2

1∫
0

x2 + 1− 1
dx =

=
1

2
· π
4
− 1

2

 1∫
0

dx−
1∫

0

dx

1 + x2

 =
π

8
− 1

2

[
1− 0− arctg x|10

]
=

=
π

8
− 1

2
[1− arctg 1 + arctg 0] =

π

8
− 1

2

[
1− π

4

]
=
π

8
− 1

2
+
π

8
=
π

4
− 1

2
.

Ïðèêëàä 4. Îá÷èñëèòè iíòåãðàë
1∫
0

arctg x dx.

Ðîçâ'ÿçîê. Çíàõîäèìî

1∫
0

arctg x dx =

[
u = arctg x dv = dx

du =
dx

1 + x2
v = x

]
=

= x arctg x|10 −
1∫

0

x dx

1 + x2
=

[
t = 1 + x2

dt = 2x dx

]
=

= arctg 1− 0− 1

2

2∫
1

dt

t
=
π

4
− 1

2
lnx

∣∣∣∣2
1

=
π

4
− 1

2
ln 2 +

1

2
ln 1 =

π

4
− 1

2
ln 2.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Îá÷èñëèòè iíòåãðàëè:

1.
π/2∫
0

x cosx dx. 2.
1∫
0

arcsinx dx.
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3.
a∫

−a

x2 dx√
a2 + x2

. 4.
2∫
1

(3x+ 2) lnx dx.

5.
1∫
0

arcsinx√
1 + x

dx. 6.
1∫
0

x ln(1 + x2) dx.

7.
π∫
0

ex sin 2x dx. 8.

π
3∫
π
4

x dx

sin2 x
.

9.
π∫
0

x3 sinx dx. 10.
e∫
1

(1− lnx)2 dx.

11.
2∫
1

lnx

x5
dx. 12.

1∫
0

(arcsinx)2 dx.

2.4 Ïëîùà ïëîñêî¨ ôiãóðè

Ïëîùà áóäü-ÿêî¨ ïëîñêî¨ ôiãóðè, âiäíåñåíî¨ äî ïðÿìîêóòíî¨ ñèñòåìè êîîðäè-
íàò, ìîæå áóòè ñêëàäåíà ç ïëîù êðèâîëiíåéíèõ òðàïåöié, ïðèëåãëèõ äî îñi Ox
àáî äî îñi Oy.

Ðèñ. 2.1

à) Äëÿ êðèâîëiíiéíî¨ òðàïåöi¨, ïðèëåãëî¨ äî îñi Ox
(Ðèñ. 2.1), äèôåðåíöiàë çìiííî¨ ïëîùi S(x) = Sx1AMx ¹ ïëî-
ùåþ ïðÿìîêóòíèêà çi ñòîðîíàìè y i dx, òîáòî dS = y dx.

Ïëîùà Sx1ABx2
, ÿêùî âñÿ òðàïåöiÿ ðîçòàøîâàíà íàä âiññþ

Ox, âèðàæà¹òüñÿ iíòåãðàëîì

S =

x2∫
x1

y dx.

Ðèñ. 2.2

á) Äëÿ êðèâîëiíiéíî¨ òðàïåöi¨, ïðèëåãëî¨ äî îñi Oy
(Ðèñ. 2.2), äèôåðåíöiàë çìiííî¨ ïëîùi S(y) = Sy1AMy ¹ ïëî-
ùåþ ïðÿìîêóòíèêà çi ñòîðîíàìè x i dy, òîáòî dS = x dy.

Ïëîùà Sy1ABy2, ÿêùî âñÿ òðàïåöiÿ ðîçòàøîâàíà ñïðàâà
âiä îñi Oy, âèðàæà¹òüñÿ iíòåãðàëîì

S =

y2∫
y1

x dy.

Ïëîùà áóäü-ÿêî¨ ïëîñêî¨ ôiãóðè, âiäíåñåíî¨ äî ïîëÿðíî¨ ñèñòåìè êîîðäèíàò,
ìîæå áóòè ñêëàäåíà ç ïëîù êðèâîëiíåéíèõ ñåêòîðiâ OAB (Ðèñ. 2.3).

Ðèñ. 2.3

Äèôåðåíöiàë çìiííî¨ ïëîùi S(φ) = SOAM ¹ ïëîùåþ êðóãîâî-
ãî ñåêòîðà ç öåíòðàëüíèì êóòîì dφ i ðàäióñîì ρ, òîáòî

dS =
1

2
ρ2 dφ.
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Ïëîùà êðèâîëiíiéíîãî ñåêòîðà OAB âèðàæà¹òüñÿ ôîðìóëîþ

S =
1

2

φ2∫
φ1

ρ2 dφ. (7)

Ïðèêëàä 1. Âèçíà÷èòè ïëîùó, ùî îáìåæåíà ïàðàáîëàìè y2 = 2px i x2 =
2py.

Ðîçâ'ÿçîê. Çíàéäåìî òî÷êè ïåðåòèíó ïàðàáîë, ùîá âèçíà÷èòè âiäðiçîê ií-
òåãðóâàííÿ. Ç ïåðøîãî ðiâíÿííÿ y =

√
2px (y > 0, òàê ÿê òî÷êà ïåðåòèíó

� â ïåðøié ÷âåðòi), ç äðóãîãî y =
x2

2p
. Ïðèðiâíþþ÷è öi çíà÷åííÿ, îäåðæó¹ìî

Ðèñ. 2.4

√
2px =

x2

2p
, àáî 2px =

x4

4p2
.

Çâiäñè x4−8p3x = 0; x (x3−8p3) = 0; x (x−2p) (x2+2px+4p2) =
0, òîáòî x = 0; x − 2p = 0; x2 + 2px + 4p2 = 0. Êîðåíi ïåð-
øèõ äâîõ ðiâíÿíü: x1 = 0; x2 = 2p. Îñòàíí¹ ðiâíÿííÿ ìà¹
êîìïëåêñíi êîðåíi. Îòæå, ïàðàáîëè ïåðåòèíàþòüñÿ â ïî÷àòêó

êîîðäèíàò (x = 0) i â òî÷öi A ç àáñöèñîþ x = 2p. Øóêà¹ìî ïëîùèíó çà ôîðìó-
ëîþ

S =

b∫
a

[f2(x)− f1(x)] dx,

êîëè ïëîùà îáìåæåíà äâîìà íåïåðåðâíèìè êðèâèìè y = f1(x) i y = f2(x) òà
äâîìà ïðÿìèìè x = a i x = b. Ïðè öüîìó f2(x) ⩾ f1(x) âñþäè íà âiäðiçêó [a, b].

Â öüîìó âèïàäêó f2(x) =
√
2px, à f1(x) =

x2

2p
. Ìà¹ìî

S =

2p∫
0

(√
2px− x2

2p

)
dx =

(√
2p

x
3
2

3
2

− x3

6p

)∣∣∣∣∣
2p

0

=
4

3
p2.

Ïðèêëàä 2. Îá÷èñëèòè ïëîùó ôiãóðè, ùî îáìåæåíà ïðÿìîþ y = x i ïàðà-
áîëîþ y = 2− x2.

Ðîçâ'ÿçîê. Çíàéäåìî àáñöèñè òî÷îê ïåðåòèíó ïðÿìî¨ ç ïàðàáîëîþ, ðîçâ'ÿçàâøè
ñèñòåìó ðiâíÿíü (äèâ. ðèñ. 2.5). {

y = x,

y = 2− x2.

Ðîçâ'ÿçóþ÷è ñèñòåìó, îäåðæèìî x1 = −2, x2 = 1 � öå áóäóòü ìåæi iíòåãðóâàííÿ.
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Ðèñ. 2.5

Øóêàíà ïëîùà äîðiâíþ¹:

S =

1∫
−2

[(2− x2)− x] dx =

(
2x −x

3

3
− x2

2

)∣∣∣∣1
−2

=

=

(
2− 1

3
− 1

2

)
−
(
−4 +

8

3
− 2

)
=

9

2
.

Ïðèêëàä 3. Çíàéòè ïëîùó ôiãóðè, ùî îáìåæåíà
äâîìà ãiëêàìè êðèâî¨ (y − x)2 = x3 i ïðÿìîþ x = 1.

Ðèñ. 2.6

Ðîçâ'ÿçîê. Áà÷èìî, ùî y ÿê íåÿâíà ôóíêöiÿ âiä x
âèçíà÷åíà ëèøå çà x ⩾ 0 (ëiâà ÷àñòèíà ðiâíÿííÿ çàâ-
æäè íåâiä'¹ìíà). Çíàéäåìî ðiâíÿííÿ äâîõ ãiëîê êðèâî¨:
y − x = ±x

√
x, y1 = x + x

√
x, y2 = x − x

√
x. Î÷åâè-

äíî, ùî y1(x) ⩾ y2(x) ïðè x ⩾ 0 (äèâ. ðèñ. 2.6). Òîìó

S =

1∫
0

[y1(x)− y2(x)] dx =

1∫
0

(
x+ x

√
x− x+ x

√
x
)
dx =

= 2

1∫
0

x
√
x dx =

4

5
x

5
2

∣∣∣∣1
0

=
4

5
.

Ïðèêëàä 4. Çíàéòè ïëîùó ôiãóðè, ùî îáìåæåíà îäíi¹þ ïåëþñòêîþ êðèâî¨
ρ2 = a2 cos 2φ (ëåìíiñêàòà).

Ðèñ. 2.7

Ðîçâ'ÿçîê. Ïðàâà ñòîðîíà ðiâíÿííÿ êðèâî¨ íå-
âiä'¹ìíà ïðè çíà÷åííÿõ φ, äëÿ ÿêèõ cos 2φ ⩾ 0. Òî-
ìó ïðàâà ïåëþñòêà (äèâ. ðèñ. 2.7) ëåæèòü ó êóòi, äå

−π
2

⩽ 2φ ⩽
π

2
, òîáòî −π

4
⩽ φ ⩽

π

4
. Ñêîðèñòàâøèñü

ôîðìóëîþ (7), ìà¹ìî

SOABCO =
a2

2

π
4∫

−π
4

cos 2φdφ =
a2

2
.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Çíàéòè ïëîùó, ùî îáìåæåíà ëiíiÿìè:
1. Ïàðàáîëîþ y = 6x− x2 òà âiññþ Ox.
2. Íàïiâêóái÷íîþ ïàðàáîëîþ y2 = x3 òà ïðÿìèìè x = 0, y = 4.
3. Àñòðî¨äîþ x = a cos3 t, y = a sin3 t.
4. Îäíi¹þ àðêîþ öèêëî¨äè x = a (t− sin t), y = a (1− cos t) òà âiññþ Ox.
5. Ïàðàáîëîþ y = x2 + 4x i ïðÿìîþ x− y + 4 = 0.
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6. Ëàíöþãîâîþ ëiíi¹þ y =
a

2

(
e

x
a + e−

x
a

)
òà ïðÿìèìè x = 0, x = a.

7. Ãiïåðáîëîþ xy = 6 i ïðÿìîþ y = 7− x.
8. Êóái÷íîþ ïàðàáîëîþ y = x3 òà ïðÿìèìè y = x, y = 2x.
9. Îêðóæíiñòþ x2 + y2 = 4x i ïàðàáîëîþ y2 = 2x.
10. Ïåðøèì çàâèòêîì ñïiðàëi Àðõiìåäà ρ = aφ òà ïîëÿðíîþ âiññþ.
11. Ïàðàáîëîþ y = x2 + 1 i ïðÿìîþ x+ y = 3.
12. y = 0, y = (x+ 1)2 òà y = 4− x.
13. y2 = 2x+ 1 i x− y − 1 = 0.
14. y = 2− x2 i y2 = x3.
15. y2 = 2px, 27py2 = 8 (x− p)3.

16. y = sin3 x, y = cos3 x, x = 0
(
0 ⩽ x ⩽

π

4

)
.

2.5 Îá'¹ì òiëà çà ïëîùèíàìè éîãî ïàðàëåëüíèõ ïåðåðiçiâ

Ðèñ. 2.8

ßêùî âiäîìà ïëîùà S(x) áóäü-ÿêîãî
ïåðåðiçó òiëà ïëîùèíîþ, ùî ïàðàëåëüíà
äî äåÿêî¨ ïëîùèíè P , äå x � âiäñòàíü ïå-
ðåðiçó âiä ïëîùèíè P (Ðèñ. 2.8), òî ïðè
çìiíåííi x íà âåëè÷èíó dx äèôåðåíöiàë
îá'¹ìó òiëà äîðiâíþ¹ îá'¹ìó ïðÿìîãî öè-
ëiíäðó ç âèñîòîþ dx i ïëîùåþ îñíîâè S(x),
òîáòî dv = S(x) dx, à îá'¹ì âñüîãî òiëà âèðàæà¹òüñÿ iíòåãðàëîì

V =

b∫
a

S(x) dx, (8)

äå a òà b � ëiâà i ïðàâà ìåæi çìiíåííÿ x.

Ïðèêëàä 1. Çíàéòè îá'¹ì òðèâiñíîãî åëiïñî¨äà
x2

a2
+
y2

b2
+
z2

c2
= 1.

Ðèñ. 2.9

Ðîçâ'ÿçîê. Ïëîñêèé ïåðåðiç åëiïñî¨äà, ïàðàëåëüíèé
ïëîùèíi xOz i âiääàëåíèé âiä íå¨ íà âiäñòàíi y = h
(Ðèñ. 2.9), ïðåäñòàâëÿ¹ åëiïñ

x2

a2
+
z2

c2
= 1− h2

b2
,

x2

a21
+
z2

c21
= 1,

ç íàïiâîñÿìè
a1 =

a

b

√
b2 − h2 i c1 =

c

b

√
b2 − h2.

Çíàéäåìî ïëîùó öüîãî ïåðåçiçó, ÿê ïëîùó åëiïñà

S(h) = πa1c1 = π
a

b

√
b2 − h2

c

b

√
b2 − h2 =

πac

b2
(b2 − h2).
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ïiäñòàâëÿ¹ìî ó ôîðìóëó (8):

V =

b∫
−b

πac

b2
(b2 − h2) dh =

2πac

b2

b∫
0

(b2 − h2) dh =

=
2πac

b2

(
b2h− h3

3

)∣∣∣∣b
0

=
4

3
πabc.

Ïðèêëàä 2. Çíàéòè îá'¹ì , ùî îáìåæåíèé äâîìà ïðÿìèìè êðóãîâèìè öè-
ëiíäðàìè: x2 + y2 = a2 i y2 + z2 = a2.

Ðèñ. 2.10

Ðîçâ'ÿçîê. Ïîáóäó¹ìî âîñüìó ÷àñòèíó òiëà, ðîçòàøîâà-
íó ó ïåðøîìó îêòàíòi (Ðèñ. 2.10).

Áóäü-ÿêèé ïåðåòèí òiëà ïëîùèíîþ, ïàðàëåëüíî¨ ïëî-
ùèíi xOz, ïðåäñòàâëÿ¹ êâàäðàò. Ïëîùà ïåðåðiçó PQNM ,
âiääàëåíîãî âiä ïëîùèíè xOz íà âiäñòàíi OM = h, çíà-
éäåìî ÿê ïëîùó êâàäðàòà çi ñòîðîíîþ

MP =MN =
√
a2 − h2.

Òîäi
S(h) = a2 − h2, 0 < h < a.

Âåñü îá'¹ì, ùî øóêà¹òüñÿ, çãiäíî ç ôîðìóëîþ (8), âèðàçèòüñÿ iíòåãðàëîì

V = 8

a∫
0

(a2 − h2) dh = 8

(
a2h− h3

3

)∣∣∣∣a
0

=
16

3
a3.

Ïðèêëàä 3. Îá÷èñëèòè îá'¹ì ïiðàìiäè ç âèñîòîþ H òà ïëîùåþ îñíîâè S0

(Ðèñ. 2.11).

Ðèñ. 2.11

Ðîçâ'ÿçîê. Âåðøèíó ïiðàìiäè S ïðèéìåìî çà ïî÷àòîê
êîîðäèíàò i íàïðàâèìî âiñü Ox ïî âèñîòi H ïiðàìiäè âiä
âåðøèíè äî îñíîâè. Ðîçñi÷åìî ïiðàìiäó ïëîùèíîþ, ïàðà-
ëåëüíîþ îñíîâi, ùî âiäñòî¨òü âiä âåðøèíè S íà âiäñòàíi x,
0 ⩽ x ⩽ H. Ïëîùà öüîãî ïåðåðiçó çàëåæèòü âiä x i ìè
ïîçíà÷èìî ¨¨ ÷åðåç S(x). Êîðèñòóþ÷èñü âiäîìîþ âëàñòèâi-
ñòþ ïåðåðiçiâ ïiðàìiäè, ïàðàëåëüíèõ äî îñíîâè, ñêëàäà¹ìî
ïðîïîðöiþ.

S(x)

S0
=

x2

H2
,

çâiäêè

S(x) =
S0

H2
x2.
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Îá'¹ì ïiðàìiäè äîðiâíþ¹

V =

H∫
0

S(x) dx =

H∫
0

S0

H2
x2 dx =

S0

H2

H∫
0

x2 dx =
S0

H2

x3

3

∣∣∣∣H
0

=
S0H

3

3H2
=

1

3
S0H.

Ïðèêëàä 4. Çíàéòè îá'¹ì êóëi ðàäióñà R.

Ðèñ. 2.12

Ðîçâ'ÿçîê. Òðåáà îá÷èñëèòè ïëîùó êîëà, ùî óòâîðþ-
¹òüñÿ ïðè ïåðåòèíi êóëi ïëîùèíîþ, ùî ïåðïåíäèêóëÿð-
íà äiàìåòðó. Ç ðèñ. 2.12 çíàõîäèìî, ùî ðàäióñ öüîãî êî-
ëà r =

√
R2 − h2. Éîãî ïëîùà ¹ ôóíêöi¹þ h i äîðiâíþ¹

S(h) = πr2 = π (R2 − h2), äå h � âiäñòàíü ïåðåðiçó âiä
åêâàòîðiàëüíî¨ ïëîùèíè, ÿêà òà çìiíþ¹òüñÿ âiä −R äî R.

Òîäi ìà¹ìî

V =

R∫
−R

S(h) dh = π

R∫
−R

(R2 − h2) dh =
4

3
πR3.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

1. Çíàéòè îá'¹ì òiëà, ùî ïëîùèíîþ z = k (k > 0) âiäñiêà¹òüñÿ âiä åëiïòè-

÷íîãî ïàðàáîëî¨äà z =
x2

a2
+
y2

b2
.

2. Çíàéòè îá'¹ì, îáìåæåíèé äâîìà åëiïòè÷íèìè öèëiíäðàìè
x2

a2
+
y2

b2
= 1 òà

x2

a2
+
z2

b2
= 1.

3. Îá÷èñëèòè îá'¹ì ÷àñòèíè öèëiíäðà, ùî âiäñi÷åíà ïëîùèíîþ, ÿêà ïðîõî-
äèòü ÷åðåç äiàìåòð 2R éîãî îñíîâè ïiä êóòîì α äî ïëîùèíè îñíîâè.

4. Çíàéòè îá'¹ì òiëà, îáìåæåíîãî ïàðàáîëi÷íèì öèëiíäðîì z = 4− y2, ïëî-
ùèíàìè êîîðäèíàò i ïëîùèíîþ x = a.

5. Îá÷èñëèòè îá'¹ì òiëà, îáìåæåíîãî ïîâåðõíÿìè x2 + y2 = ax, x − z = 0,
x+ z = 0 ðîçãëÿíóâøè ïåðåðiçè, ïåðïåíäèêóëÿðíi Ox.

6. Îá÷èñëèòè îá'¹ì òiëà, îáìåæåíîãî ïîâåðõíÿìè x2 + y2 = 1, x2 + z2 = 1.
7. Îá÷èñëèòè îá'¹ì òiëà, îáìåæåíîãî ïîâåðõíÿìè x2+y2+z2 = 1, x2+y2 = x.
8. Îá÷èñëèòè îá'¹ì òiëà, îáìåæåíîãî ïîâåðõíÿìè x

2
3 + y

2
3 = 1, x

2
3 + z

2
3 = 1.

2.6 Îá'¹ì òiëà îáåðòàííÿ

Ðèñ. 2.13

ßêùî òiëî óòâîðþ¹òüñÿ ïðè îáåðòàííi íàâêîëî îñi
Ox êðèâîëiíiéíî¨ òðàïåöi¨ x1ABx2 (Ðèñ. 2.13), òî áóäü-
ÿêèé éîãî ïëîñêèé ïåðåðiç, ïåðïåíäèêóëÿðíèé äî îñi
Ox, áóäå êîëîì, ðàäióñ ÿêîãî äîðiâíþ¹ âiäïîâiäíié îð-
äèíàòi êðèâî¨ y = f(x).
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Ïëîùà ïåðåðiçó S(x), ùî âiäïîâiäà¹ àáñöèñi x, ÿê
ïëîùà êîëà, äîðiâíþ¹ πy2.

Äèôåðåíöiàë îá'¹ìó òiëà, ùî âiäïîâiäà¹ ïðèðîñòó dx, áóäå dv = πy2 dx, à
âåñü îá'¹ì òiëà îáåðòàííÿ âèçíà÷à¹òüñÿ ôîðìóëîþ

V = π

x2∫
x1

y2 dx (x1 < x2). (9)

Ðèñ. 2.14

ßêùî òiëî óòâîðþ¹òüñÿ ïðè îáåðòàííi íàâêîëî îñi
Oy êðèâîëiíiéíî¨ òðàïåöi¨ y1ABy2, ïðèëåãëî¨ äî îñi Oy
(Ðèñ. 2.14), òî dv = πx2 dy, à

V = π

y2∫
y1

x2 dy (y1 < y2). (10)

Ïðèêëàä 1. Âèçíà÷èòè îá'¹ì ñåãìåíòà ïàðàáîëî¨äà îáåðòàííÿ.
Ðîçâ'ÿçîê. Íåõàé ðiâíÿííÿ ïàðàáîëè, îáåðòàííÿ ÿêî¨ íàâêîëî îñi äà¹ äàíèé

ïàðàáîëî¨ä, áóäå y2 = 2px. Âèêîðèñòà¹ìî íàñòóïíi ïîçíà÷åííÿ: h � âèñîòà ñå-
ãìåíòà ïàðàáîëî¨äà îáåðòàííÿ, r � ðàäióñ îñíîâè ñåãìåíòà, x � âiäñòàíü äî ïëî-
ùèíè, ÿêà ïàðàëåëüíà îñíîâi ñåãìåíòà âiä âåðøèíè ïàðàáîëè, ùî îáåðòà¹òüñÿ,
ρ � ðàäióñ êîëà, ùî óòâîðþ¹òüñÿ â ïåðåðiçi ïàðàáîëî¨äà îáåðòàííÿ çàçíà÷å-
íîþ ïëîùèíîþ. Òîäi ρ2 = 2px, à ïëîùà S(x) çàçíà÷åíîãî ïåðåðiçó äîðiâíþ¹
S(x) = πρ2 = 2πpx. Îá'¹ì ñåãìåíòà V ïàðàáîëî¨æà îáåðòàííÿ äîðiâíþ¹:

V =

h∫
0

2πpx dx = πpx2

∣∣∣∣∣∣
h

0

= πph2.

Ïëîùà S îñíîâè ñåãìåíòà äîðiâíþ¹ πr2 i òàê ÿê r2 = 2ph, òî S = 2πph. Çâiäñè

πph =
S

2
, i ôîðìóëó äëÿ îá'¹ìó ñåãìåíòà ìîæíà çàïèñàòè òàê:

V =
Sh

2
,

òîáòî îá'¹ì ñåãìåíòà ïàðàáîëî¨äà îáåðòàííÿ äîðiâíþ¹ ïîëîâèíi äîáóòêó ïëîùi
îñíîâè ñåãìåíòà íà éîãî âèñîòó

Ïðèêëàä 2. Îá÷èñëèòè îá'¹ì òiëà, óòâîðåíîãî îáåðòàííÿì íàâêîëî îñi Ox
ïëîùi, îáìåæåíî¨ ïàðàáîëîþ y = x2 + 1 i ïðÿìîþ y = 3x− 1.

Ðèñ. 2.15

Ðîçâ'ÿçîê. Òiëî óòâîðåíå îáåðòàííÿì ïëîùi, îáìåæåíî¨ çàäà-
íèìè êðèâèìè (ðèñ. 2.15) íàâêîëî îñi Ox. Ùîá çíàéòè àáñöèñè
òî÷îê ïåðåòèíó êðèâèõ ðîçâ'ÿçó¹ìî ñèñòåìó ðiâíÿíü:{

y = x2 + 1,

y = 3x− 1.
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Çâiäñè x1 = 1, x2 = 2. Ó íàøîìó âèïàäêó y1(x) = x2 + 1 i y2(x) = 3x − 1.
Îòæå, ìà¹ìî:

V = π

2∫
1

[(3x− 1)2 − (x2 + 1)2] dx = π

2∫
1

(7x2 − 6x− x4) dx =

= π

[
7

3
x3 − 3x2 − x5

5

]∣∣∣∣2
1

=
17

15
π.

Ïðèêëàä 3. Îá÷èñëèòè îá'¹ì òîðà. Òîðîì íàçèâà¹òüñÿ òiëî, ùî âèõîäèòü
ïðè îáåðòàííi êîëà ðàäióñà a íàâêîëî îñi, ùî ëåæèòü â éîãî ïëîùèíi íà âiäñòàíi
b âiä öåíòðó (b ⩾ a).

Ðèñ. 2.16

Ðîçâ'ÿçîê. Íåõàé êîëî îáåðòà¹òüñÿ íàâêîëî ïðÿìî¨ AE
(ðèñ. 2.16). Òîäi îá'¹ì òîðà ìîæå áóòè ðîçãëÿíóòèé ÿê ði-
çíèöÿ îá'¹ìiâ îáåðòàííÿ êðèâîëiíiéíèõ òðàïåöié ABCDE
i ABLDE íàâêîëî îñi Oy.

ßêùî ñèñòåìó êîîðäèíàò ïîìiñòèòè, ÿê ïîêàçàíî íà
ðèñ. 2.16, òî ðiâíÿííÿ îêðóæíîñòi LBCD áóäå ìàòè âè-
ãëÿä: (x − b)2 + y2 = a2, çâiäêè x = b ±

√
a2 − y2, ïðè÷îìó ðiâíÿííÿ êðèâî¨

BCD
x = b+

√
a2 − y2,

à ðiâíÿííÿ êðèâî¨ BLD
x = b−

√
a2 − y2.

Îòæå, øóêàíèé îá'¹ì äîðiâíþ¹:

V = π

a∫
−a

[
(b+

√
a2 − y2)2 − (b−

√
a2 − y2)2

]
dy =

= 4πb

a∫
−a

√
a2 − y2 dy = 2π2a2b.

Ïðèêëàä 4. Îá÷èñëèòè îá'¹ì òiëà, ùî óòâîðþ¹òüñÿ ïðè îáåðòàííi îäíi¹¨
àðêè öèêëî¨äè x = a (t− sin t), y = a (1− cos t) íàâêîëî îñi àáñöèñ.

Ðîçâ'ÿçîê. Â ôîðìóëi

V = π

2πa∫
0

y2 dx

ðîáèìî çàìiíó çìiííî¨, ââàæàþ÷è x = a (t − sin t). Êîëè x çìiíþ¹òüñÿ âiä 0 äî
2πa, t çìiíþ¹òüñÿ âiä 0 äî 2π:

V = πa3
2π∫
0

(1− cos t)3 dt = 5π2a3.
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Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Îá÷èñëèòè îá'¹ì òiëà, ùî óòâîðþ¹òüñÿ îáåðòàííÿì ôiãóðè, îáìåæåíî¨ ëiíi-
ÿìè:

1. xy = 4, x = 1, x = 4, y = 0 íàâêîëî îñi Ox.
2. y2 = (x+ 4)3 i x = 0 íàâêîëî îñi Oy.
3. (y − 3)2 + 3x = 0, x = −3 íàâêîëî îñi Ox.

4.
x2

a2
− y2

b2
= 1, y = 0, y = b íàâêîëî îñi Oy.

5. y = sinx (îäíà õâèëÿ), y = 0 íàâêîëî îñi Ox.
6. y2 + x− 4 = 0, x = 0 íàâêîëî îñi Oy.
7. xy = 4, y = 0, x = 1, x = 4 íàâêîëî îñi Ox.
8. y2 = (x+ 4)3, x = 0 íàâêîëî îñi Oy.
9.

√
x+

√
y =

√
a, x = 0, y = 0 íàâêîëî îñi Oy.

10. Îá÷èñëèòè îá'¹ì òiëà, ùî îäåðæàíî ïðè îáåðòàííi íàâêîëî îñi îðäèíàò
êðèâîëiíiéíî¨ òðàïåöi¨, îáìåæåíî¨ êðèâîþ x2 + y

2
3 = 1.

11. Îá÷èñëèòè îá'¹ì òiëà, ùî îäåðæàíî ïðè îáåðòàííi íàâêîëî îñi Ox êðè-
âîëiíiéíî¨ òðàïåöi¨, îáìåæåíî¨ êðèâîþ y2 (x− 4a) = ax (x− 3a) (0 ⩽ x ⩽ 3a).

12. Îá÷èñëèòè îá'¹ì òiëà, ùî îäåðæàíî ïðè îáåðòàííi íàâêîëî îñi îðäèíàò
êðèâîëiíiéíî¨ òðàïåöi¨, îáìåæåíî¨ êðèâîþ (y2 − b2)2 = a3x (−b ⩽ y ⩽ b).

2.7 Äîâæèíà äóãè ïëîñêî¨ ôiãóðè

Ðèñ. 2.17

ßêùî ïëîñêà êðèâà âiäíåñåíà äî ïðÿìîêóòíî¨ ñè-
ñòåìè êîîðäèíàò i çàäàíà ðiâíÿííÿì y = f(x), àáî x =
F (y) àáî ïàðàìåòðè÷íèìè ðiâíÿííÿìè x = φ(t), y =
ψ(t), òî äèôåðåíöiàë dl äîâæèíè ¨¨ äóãè (ðèñ. 2.17),
âèðàæà¹òüñÿ ôîðìóëîþ

dl =
√
1 + (y′)2 dx =

√
1 + (x′)2 dy =

√
ẋ2 + ẏ2 dt,

à äîâæèíà äóãè AB âèçíà÷à¹òüñÿ ôîðìóëîþ

LAB =

(B)∫
(A)

dl =

xB∫
xA

√
1 + (y′)2 dx =

yB∫
yA

√
1 + (x′)2 dy =

tB∫
tA

√
ẋ2 + ẏ2 dt. (11)

Ðèñ. 2.18

ßêùî ïëîñêà êðèâà âiäíåñåíà äî ïîëÿðíî¨ ñèñòåìè êî-
îðäèíàò i çàäàíà ðiâíÿííÿì ρ = f(φ) (ðèñ. 2.18), òî
dl =

√
ρ2 + (ρ′)2 dφ,

LAB =

(B)∫
(A)

dl =

φB∫
φA

√
ρ2 + (ρ′)2 dφ. (12)
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Ïðèêëàä 1. Îá÷èñëèòè äîâæèíó äóãè ëàíöþãîâî¨ ëiíi¨, ùî çàäàíà ðiâíÿí-
íÿì

y = 2
(
e

x
4 + e−

x
4

)
,

âiä òî÷êè x = 0 äî òî÷êè x = 4.

Ðîçâ'ÿçîê. Ñêîðèñòà¹ìîñÿ ôîðìóëîþ L =
b∫
a

√
1 + y′2 dx. Ìà¹ìî

y′ = 2
(
e

x
4 − e−

x
4

)
· 1
4
=

1

4

(
e

x
4 − e−

x
4

)
i

1 + y′
2
= 1 +

1

4

(
e

x
2 − 2 + e−

x
2

)
=

1

4

(
e

x
2 + 2 + e−

x
2

)
=

1

4

(
e

x
4 + e−

x
4

)2
.

Çâiäñè

L =
1

2

4∫
0

(
e

x
4 + e−

x
4

)
dx = 2

(
e

x
4 − e−

x
4

)∣∣4
0
= 2 (e− e−1).

Ïðèêëàä 2. Îá÷èñëèòè äîâæèíó äóãè íàïiâêóái÷íî¨ ïàðàáîëè y2 = (x−1)3

ìiæ òî÷êàìè A(2;−1) òà B(5;−8).
Ðîçâ'ÿçîê. Ðîçâ'ÿçó¹ìî äàíå ðiâíÿííÿ âiäíîñíî y òà çíàõîäèìî y′:

y = ±(x− 1)
3
2 ; y′ = ±3

2
(x− 1)

1
2 .

(Çíàêè ± ó âèðàçi äëÿ y âêàçóþòü, ùî êðèâà ñèìåòðè÷íà îñi Ox; òî÷êè A òà B,
ùî ìàþòü âiä'¹ìíi îðäèíàòè, ëåæàòü íà òié ãiëöi, ÿêà ðîçòàøîâàíà íèæ÷å îñi
Ox.)

Ïiäñòàâëÿþ÷è â ôîðìóëó (11), îäåðæèìî

LAB =

xB∫
xA

√
1 + (y′)2 dx =

5∫
2

√
1 +

9

4
(x− 1) dx =

1

2

5∫
2

√
9x− 5 dx =

=
1

18

5∫
2

(9x− 5)
1
2 d(9x− 5) =

1

27
(9x− 5)

3
2

∣∣∣∣5
2

≈ 7, 63.

Ïðèêëàä 3. Îá÷èñëèòè äîâæèíó äóãè îäíi¹¨ àðêè öèêëî¨äè x = a (t−sin t),
a (1− cos t).

Ðîçâ'ÿçîê. Äèôåðåíöiþ¹ìî ïî t ïàðàìåòðè÷íi ðiâíÿííÿ öèêëî¨äè

ẋ =
dx

dt
= a (1− cos t); ẏ =

dy

dt
= a sin t
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òà çíàõîäèìî äèôåðåíöiàë ¨¨ äóãè

dl =
√
ẋ2 + ẏ2 dt =

√
a2 (1− cos t)2 + a2 sin2 t dt =

= a
√

2 (1− cos t) dt = a

√
4 sin2

t

2
dt = 2a sin

t

2
dt.

Îäíà àðêà öèêëî¨äè âèõîäèòü ïðè çìiíi ïàðàìåòðà t âiä 0 äî 2π, òîìó

L = 2a

2π∫
0

sin
t

2
dt = 4a

2π∫
0

sin
t

2
d

(
t

2

)
= −4a cos

t

2

∣∣∣∣2π
0

= 8a.

Ïðèêëàä 4. Îá÷èñëèòè äîâæèíó äóãè êðèâî¨ ρ = a cos3
φ

3
.

Ðèñ. 2.19

Ðîçâ'ÿçîê. Ç äàíîãî ðiâíÿííÿ êðèâî¨ ρ = a cos3
φ

3
çíà-

õîäèìî ïîõiäíó

ρ′ =
dρ

dφ
= −a cos2 φ

3
sin

φ

3

i äèôåðåíöiàë ¨¨ äóãè

dl =
√
ρ2 + (ρ′)2 dφ =

√
a2 cos6

φ

3
+ a2 cos4

φ

3
sin2

φ

3
dφ = a cos2

φ

3
dφ.

Ïîëîâèíà öi¹¨ êðèâî¨ (ðèñ. 2.19) îïèñó¹òüñÿ êiíöåì ïîëÿðíîãî ðàäióñó çà çìiíè

φ âiä 0 äî
3

2
π. Òîìó çãiäíî ç ôîðìóëîþ (12) äîâæèíà âñi¹¨ êðèâî¨

L = 2a

3
2π∫
0

cos2
φ

3
dφ = a

3
2π∫
0

(
1 + cos

2φ

3

)
dφ =

= a

(
φ+

3

2
sin

2φ

3

)∣∣∣∣ 32π
0

=
3

2
aπ.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Îá÷èñëèòè äîâæèíó äóãè êðèâî¨:

1. y2 = x3, âiäñi÷åíîþ ïðÿìîþ x =
4

3
.

2. y =
x2

2
− 1, âiäñi÷åíîþ âiññþ Ox.

3. y2 = (x+ 1)3, âiäñi÷åíîþ ïðÿìîþ x = 4.
4. 9y2 = x (x− 3)2, ìiæ òî÷êàìè ïåðåòèíó ç âiññþ Ox.
Çíàéòè ïåðèìåòð ôiãóðè, ùî îáìåæåíà ëiíiÿìè:
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5. x2 = (y + 1)3 i y = 4.
6. y3 = x2 i y =

√
2− x2.

Çíàéòè äîâæèíó äóãè êðèâî¨:
7. {

x = (t2 − 2) sin t+ 2t cos t,
y = (2− t2) cos t+ 2t sin t.

âiä t1 = 0 äî t2 = π.
8. {

x = a cos3 t,
y = a sin3 t.

9. {
x = et (cos t+ sin t),
y = et (cos t− sin t).

âiä t1 = 0 äî t2 = 1.
10. {

x = a (2 cos t− cos 2t),
y = a (2 sin t− sin 2t).

11. {
x = 2r sin2 t),
y = 2r sin2 tg t).

â ìåæàõ âiä 0 äî t.
12. Çíàéòè äîâæèíó êàðäiî¨äè r = a (1 + cosφ).

2.8 Ïëîùà ïîâåðõíi îáåðòàííÿ

Ðèñ. 2.20

ßêùî ïîâåðõíÿ óòâîðþ¹òüñÿ ïðè îáåðòàííi äóãè AM
ïëîñêî¨ êðèâî¨ íàâêîëî îñi Ox (ðèñ. 2.20), òî äèôåðåíöiàë
ïëîùi äîðiâíþ¹ ïëîùi ái÷íî¨ ïîâåðõíi óñi÷åíîãî êðóãëîãî
êîíóñà ç òâiðíîþ dl òà ðàäióñàìè îñíîâ y i y + dy:

ds =
2πy + 2π(y + dy)

2
= π(2y + dy) dl ≈ 2πy dl,

à ïëîùà ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì äóãè AB, âèçíà÷à¹òüñÿ ôîðìóëîþ

S =

(B)∫
(A)

ds = 2π

(B)∫
(A)

y dl, (13)

äå (A) òà (B) ïîçíà÷àþòü çíà÷åííÿ â òî÷êàõ A òà B îáðàíî¨ çìiííî¨ iíòåãðóâà-
ííÿ, dl � äèôåðåíöiàë äóãè êðèâî¨.
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Ðèñ. 2.21

Ïðè îáåðòàííi äóãè AB êðèâî¨ íàâêîëî îñi Oy
(Ðèñ. 2.21) ìà¹ìî

ds ≈ 2πxdl; S =

(B)∫
(A)

ds = 2π

(B)∫
(A)

x dl. (14)

Ïðèêëàä 1. Îá÷èñëèòè ïîâåðõíþ êóëi ðàäióñà a.
Ðîçâ'ÿçîê. Ìîæíà ââàæàòè, ùî êóëÿ îäåðæàíà îáåðòàííÿì íàâêîëî îñi Ox

íàïiâîêðóæíîñòi y =
√
a2 − x2. Çâiäñè

y′ = − x√
a2 − x2

, 1 + y′
2
= 1 +

x2

a2 − x2
=

a2

a2 − x2
,

y

√
1 + y′2 =

√
a2 − x2

√
a2

a2 − x2
= a.

Îòæå, çà ôîðìóëîþ S = 2π
b∫
a

y
√

1 + y′2 dx,

S = 2π

a∫
−a

adx = 2πax

∣∣∣∣∣∣
a

−a

= 4πa2.

Ïðèêëàä 2. Îá÷èñëèòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì äóãè êóái-
÷íî¨ ïàðàáîëè y = x3 íàâêîëî îñi Ox âiä ïî÷àòêó êîîðäèíàò äî òî÷êè ç àáñöèñîþ
x = 1.

Ðîçâ'ÿçîê. Ó öüîìó âèïàäêó y′ = 3x2,
√

1 + y′2 =
√
1 + 9x4. Îòæå,

Ðèñ. 2.22

S = 2π

1∫
0

x3
√

1 + 9x4 dx =

[
t2 = 1 + 9x4

2t dt = 36x3 dx

]
=

= 2π · 1

18

√
10∫

1

t2 dt =
2π

18

t3

3

∣∣∣∣
√
10

1

=
π

27
(10

√
10− 1).

Ïðèêëàä 3. Çíàéòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì íàâêîëî îñi Ox
àñòðî¨äè x = a cos3 t, y = a sin3 t.

Ðèñ. 2.23

Ðîçâ'ÿçîê. Çàñòîñó¹ìî ôîðìóëó (13), ïåðåòâîðèâøè ¨¨ äî
çìiííî¨ t. Âèõîäÿ÷è ç ðiâíÿíü àñòðî¨äè i âðàõîâóþ÷è, ùî ÷å-
òâåðòà ÷àñòèíà àñòðî¨äè, ÿêà ðîçòàøîâàíà â ïåðøîìó êâà-
äðàíòi (ðèñ. 2.23), âèõîäèòü ïðè çìiíåííi t âiä 0 äî

π

2
, îäåð-

æèìî

S = 2 · 2π

π
2∫

0

y
√
ẋ2 + ẏ2 dt =
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= 4π

π
2∫

0

a sin3 t
√

(−3a cos2 t sin t)2 + (3a sin2 t cos t)2 dt =

= 12a2π

π
2∫

0

sin4 t cos t dt = 12a2π

π
2∫

0

sin4 td sin t =
12

5
a2π sin5 t

∣∣∣∣π2
0

=
12

5
πa2.

Ïðèêëàä 4. Çíàéòè ïëîùó ïîâåðõíi, óòâîðåíî¨ îáåðòàííÿì íàâêîëî îñi Ox

åëiïñà
x2

a2
+
y2

b2
= 1, (a > b).

Ðîçâ'ÿçîê. Äèôåðåíöiþþ÷è ïî x îáèäâi ÷àñòèíè ðiâíÿííÿ åëiïñà

2x

a2
+

2yy′

b2
= 0, yy′ = −b

2x

a2

i ïiäñòàâëÿþ÷è â ôîðìóëó (13), çíàõîäèìî

S = 2π

a∫
−a

y
√
1 + (y′)2 dx = 4π

a∫
0

√
y2 + (yy′)2 dx =

= 4π

a∫
0

√
b2 − b2x2

a2
+
b4x2

a4
dx =

4πb

a

a∫
0

√
a2 − a2 − b2

a2
x2 dx =

=
4πb

a

a∫
0

√
a2 − ε2x2 dx,

äå ε =

√
a2 − b2

a
=
c

a
� åêñöåíòðèñèòåò åëiïñà.

Ââàæàþ÷è εx = a sin t, îäåðæèìî ε dx = a cos t dt. Òàêîæ ìà¹ìî t1 = 0 ïðè
x = 0; t2 = arcsin ε ïðè x = a i òîäi

S =
4πb

a

t2∫
0

√
a2 − a2 sin2 t

a

ε
cos t dt =

4πab

ε

t2∫
0

cos2 t dt =

=
2πab

ε

t2∫
0

(1 + cos 2t) dt =
2πab

ε

(
t+

1

2
sin 2t

)∣∣∣∣t2
0

= 2πb
(
b+

a

ε
arcsin ε

)
.

Çàâäàííÿ òà âïðàâè äëÿ ñàìîñòiéíî¨ ðîáîòè ñòóäåíòà

Îá÷èñëèòè ïëîùó ïîâåðõíi, ùî óòâîðåíà îáåðòàííÿì íàâêîëî îñi Ox:
1. Îêðóæíîñòi x = a cos t, y = a sin t.
2. Äóãè ïàðàáîëè y2 = 2x ìiæ òî÷êàìè ïåðåòèíó ç ïðÿìîþ 2x = 3.
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3. Îäíi¹¨ àðêè öèêëî¨äè x = a (t− sin t), y = a (1− cos t).
4. Îäíi¹¨ õâèëi ñèíóñî¨äè y = sinx.
5. Äóãè ïàðàáîëè y2 = 4 + x, âiäñi÷åíîþ ïðÿìîþ x = 2.
6. Êðèâî¨ y = cos

πx

2a
âiä x1 = −a äî x2 = a.

7. Ïåòëi êðèâî¨ 8y2 = x2 − x4.

8. Êðèâî¨ x =
1

4
y2 − 1

2
ln y âiä y = 1 äî y = e.

9. Êðèâî¨ x = et sin t, y = et cos t âiä t1 = 0 äî t2 =
π

2
.

10. Ïåòëi êðèâî¨ x = t2, y =
t

3
(t2 − 3).

Îá÷èñëèòè ïëîùó ïîâåðõíi, ùî óòâîðåíà îáåðòàííÿì íàâêîëî îñi Oy:

11. Äóãè íàïiâêóái÷íî¨ ïàðàáîëè x = 4− t2

2
, y =

t3

3
ìiæ òî÷êàìè ïåðåòèíó

ç îñÿìè êîîðäèíàò.
12. Åëiïñà 3x2 + 4y2 = 12.
13. Çíàéòè ïëîùó ïîâåðõíi òîðà, ùî óòâîðåíèé îáåðòàííÿì îêðóæíîñòi

x2 + y2 = a2 íàâêîëî ïðÿìî¨ y = b, (b > a).

14. Ïàðàáîëè y =
x2

2
, âiäñi÷åíîþ ïðÿìîþ y = 1, 5.

15. Ïåòëi êðèâî¨ 9x2 = y (3− y)2.
16. Êðèâî¨ y2 + 4x = 2 ln y âiä y = 1 äî y = 2.
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Äîäàòîê À. Òàáëèöÿ ïåðâiñíèõ

∫
0 · dx = C.∫

1 · dx = x+ C.∫
xn dx =

xn+1

n+ 1
+ C, n ̸= 1.∫

dx

x
= ln |x|+ C.∫

ax dx =
ax

ln a
+ C.∫

ex dx = ex + C.∫
sinx dx = − cosx+ C.∫
cosx dx = sinx+ C.∫

dx

cos2 x
= tg x+ C,

(
x ̸= π

2
+ πn, äå n = 0,±1, . . .

)
.∫

dx

sin2 x
= − ctg x+ C, (x ̸= πn, äå n = 0,±1, . . .) .∫
dx

x2 + a2
=

1

a
arctg

x

a
+ C = −1

a
arcctg

x

a
+ C.

∫
dx

x2 − a2
=

1

2a
ln

∣∣∣∣x− a

x+ a

∣∣∣∣+ C,

(∫
dx

a2 − x2
=

1

2a
ln

∣∣∣∣a+ x

a− x

∣∣∣∣+ C

)
.

∫
dx√
a2 − x2

= arcsin
x

a
+ C = − arccos

x

a
+ C, (−1 < x < 1).∫

dx√
x2 ± a

= ln |x+
√
x2 ± a|+ C.
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