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BCTYII

HudepeHiiabHe YHUCIEHHS € OCHOBHUM PO3IIJIOM KypCy BHUIIO1
MaTEMaTUK{ B LIJIOMY. Y METOJMYHHMX PEKOMEHAAIIAX PO3IISIAI0THCS
3aBJAHHA [UJI1 CaMOCTIMHOI pPOOOTM Ta PO3’SICHEHHA MPHUKIAJIIB
BUKOHAHHS TOAIOHMX 3aBJaHb 3 HACTYIHUX PO3AUIB: TpPaHUIISA
MOCJIIOBHOCTI, TpaHUIlsl (YHKIII, HENEPEPBHICTh 1 TOYKUA PO3PUBY
¢ynkuiii. Jlani temMu € 0a30BUMHU NpU BUBYEHI AUGEPEHLIAIBHOTO
yucieHHsa. Kpim Toro, Marepian Oyne noTpiOHMIM AJiE OCBOEHHS 1HIIUX
PO3JIUIIB BUIIIOI MaTEMaTHKHU, 30KpEeMa, B XOJ[I BUBUCHHS YHUCJIOBUX
pAiB 1 GYHKIIOHAIBHUX PAJIIB Ta HEBJIACHUX IHTETPaliB, a TAKOX MPHU
JOCIIIKEeHH] (QyHKIIIM Ta moOyA0B1 rpadikis.

Marepian BUKJIAJEHO TAKUM YUHOM, III00 MaKCHUMaJlbHO JOIOMOITH
CTyJICHTaM OBOJIOJIITU METOJIaMH Ta HAOyTM OCHOBHUX HAaBHUKIB IO
3HAXOJIPKEHHIO TPAHMIIb MMOCII1IOBHOCTEHN Ta rpaHullb (YHKITIH.

MetoauuHi peKOMEeHJallii CTBOPEHO BIAMOBIIHO J0 Mporpamu
Kypcy «Buia wmarematuka» Ui CTYAEHTIB chemiajbHocTed 281
«ITybmiuHe ynpaBiiHHS Ta aaMiHICTpyBaHH», 073 «MeHemkMeHTy, 241
«["oTenbHO-pecTOpaHHa crpaBay, ajieé 1X MOXYTh BUKOPHUCTOBYBaTH Ha
IHIUX (aKyapTeTax, A€ MPOrpamMor0 NepeAdadyeHO BHUBYEHHSI KYypCy
«Bumia MaremaTika», 30KpemMa IpH IUCTAHIIHHIA OopMi HABYAHHS.



JlabopaTopHe 3ansaTTs 4.01

T'PAHMISI MOCJITOBHOCTI
TeopeTnuHi BizomMocTi

[TocnigoBHICT — 11€ TPOHYMEPOBaHM HaOip 00’€KTIB. XapaKTepHi
O3HAaKU TOCIIAOBHOCTI: €JIEMEHTH TMOCIIJOBHOCTI PO3TalIOBYIOTHCS
CTPOTO B IMIEBHOMY MOPSIIKY; KOKHOMY €JIEMEHTY IMOCIIJOBHOCTI MOKHA
MPUBJIACHUTH MOPSAAKOBUA HOMED 1, 2, ..., n,...

Hexail kK0XHOMY HaTypaJlbHOMY 3HAQUYEHHIO 3a JCSKUM IPaBUIOM
MOCTaBJICHO Yy BIJAMOBIAHICTh JIMCHE 4HUCI0. ToMl KaXyTbh, IO 3ajJlaHa
YHCII0BA HOCIINOBHICTb X, X,, X;, ..., X,, ... 800 {x,}.

YucioBa TMOCHIAOBHICTE MaMKE 3aBXKIM MICTUTh HECKIHUYEHHO
Oarato yucen. [Ipu pomy: X, — nepmMid €1eMEHT MOCIIAOBHOCTI; X, —
APYTUH €JIEMEHT NOCIIAOBHOCTI; ..., X, — H-HUN a00 3arajIbHUN €JIEMEHT
MOCJIIIOBHOCTI. 3MIHHA /2 TPA€ POJib CBOEPITHOTO JITUYMUIILHUKA.

Ha mnpakTuiil MmociiIoBHICTh 3ala€ThCsi (POPMYJIO 3arajibHOTO
€JIEMEHTa, HANPUKIAL: X, =21 — IOCIIJOBHICTb IOJATHUX IAPHUX
yucei: 2,4, 6, ...

JI71st mo3HaY€HHs MOCIIIOBHOCTI MOXKYTh BUKOPUCTOBYBATUCA 1HIII
JATUHCBK1 OyKBH, HAamlpUKIAL ), =2n—1 — TIOCIINOBHICTE AOJATHHUX

HemapHux uucen: 1, 3,5, ...

) ) 1 1 1
e onna monmmMpeHa moCIiA0BHICTE X, =—: 1

n 273

Jlesiki 4MCIOBI TMOCIIIOBHOCTI BUBYAKOTh y HIKOJI: apUPMETUUHY
nporpecito a, = a, +d (n—1) Ta reomerpuuHy nporpecito b, =bg"".

Ile ommH mpuxnax nocmioBHocTi x, =n! (n Qaxrtopian — ne
3ropHyTH# 3anuc n100yTky n!=1-2-3-...-n): 1, 2, 6, 24, 120, 720...

EnemMeHTH  MOCHIOBHOCTI  MOXYTh  INOBTOpIOBaTHUCh.  Tak,
MIOCIIAOBHICTD X, = (—1)" CKJIQJIA€THCS 3 ABOX YHCEJI, IO HECKIHYCHHO
yeprytotbest: —1, 1, =1, 1, =1, 1... [locaigoBHicTs X, =1" cknagaeTbes
3 OJJHAKOBUX YMCE]L.

OTxe, 3 MOCTITOBHOCTSAMH BHSICHWIM. Terep BUSCHHUMO IHTaHHS
PO TPAHMITIO.

Po3srisstHeMO 1OCIIIIOBHOCTI

1) x, =2n, T00OTO 2, 4, 6, ...;

2) x, =n!, 100710 1, 2, 6, 24, 120, 720, ...;



3) x, :l , ToOTO 1 l,l l X
n 2737 4’
n+l
4) x, = ( ) , ToOTO 1, l l,—l, X
n 23 4
5))cn:n+1,To6To2,é i é 9 .
n 37475

6) x, =(-1)", To6r0 -1, 1, -1, 1, -1, 1...

Busichumo, 10 4YOro mnpuiiyTh €IEeMEHTH MOCHiJ0OBHOCTI 13
30UIBIICHHSIM HOMEpPA 71 10 HECKIHUEHHOCTI.

Jlns mepimmx ABOX MOCHIJOBHOCTEW NpHU 301IbIICHHI 71 €IEeMEHTH
MOCJIIIOBHOCTI OyJlyTh HECKIHUEHHO 30171bIIYBAaTUCh, TOOTO MPUUIYThH

10 HecKiHYeHHOCTi. lle 3ammMcyroTh Tak lim(Zn):oo, lim(n!)z
n—»0

n—>0

Bammc limx, o3Hauae rpaHWns MOCITIIOBHOCTI X, TPH 7 HPSAMYE JO

n—»0
HYJISL.
JIns TpeThoi 1 YEeTBEPTOi 3 PO3TJIAAYBAaHUX IOCIIIOBHOCTEH IpU
30UIBIIIEHH] # €JIEMEHTH IOCIII0BHOCTI OyAyTh HECKIHUEHHO OJIM3bKO

( 1)n+1
HaOmmkarucs 10 Hyns. e 3amucyrors tak lim—=0, lim~——=0.
EnemenTn m’sT01 MOCIIIOBHOCTI TIPU 301IBIIEHH] 7 HAOIMKAIOThCS
n+l
1o 1, Tooro Ilm——=1.
n—>0 n

[Ilocta MOCHIIOBHICTh TpaHUIl HE Ma€: HEMapHI EJIEMEHTH
yTBOPIOIOTh MIAMNOCIIIOBHICTh 3 TpaHUIel0 —1, a TmapHi €JIeMEHTH
YTBOPIOKOTH MIAMOCIIAOBHICTh 3 TpaHUIlCl0 1. A AKIIO Yy MOCI1IOBHOCTI
ICHY€ TPaHUIIsl, TO BOHA €JUHA.

Ctpore matematuyHe GOpMYJIIOBAaHHS TPaHUIIl MMOCIIIOBHOCTI JaB
BijoMuil matematuk Komii. Po3risiHemMo nesiky TOUKy a 1 ii 1OBUIbHUHN
€-ok1n (puc. 1). 3HaueHHS € 3aBXKIW J0JaTHE 1, MM MAEMO TMPABO
BUOpaTH MOro camoCTIHO SIKUM 3aBrojiHo. [Ipunyctumo, 1o B 1aHOMY
€-OKOJII 3HAXOJUThCA O€3Jiu eJeMEHTIB (He OOOB'SI3KOBO BCi) AEAKO1

IIOCJIITIOBHOCTI {xn} ®dakT, 1[0 n-HUWA €JIEMEHT MOTpaluB B €-OKLJI,
O3Ha4ae€, IO BIACTaHb MK TOYKaMM a 1 X, Ma€ OyTH MEHIIE E:
|xn —a|<8. BusHaueHHs: 4MCIO ¢ HA3WBAETHCS TPAHUIICI) YHCIOBOI

IIOCJI1JOBHOCTI {xn}, KO ISl OyAb-SIKOTO MOTro €-0KOJIy (3a3/1aJieTi/ib
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00paHoro) icHye HaTypajlbHui HOoMep N (110 3aJ€KUTh Bij €) TaKWid,
0 BCI €JIEMEHTH IOCIIIOBHOCTI 3 OUIbIIMMU HoMepamu (n> N)

BUABJIIATHCA BCGpeI[I/IHi €-0KOJ1y |xn - a| <E€.

a—& a a+e
s {—e . * .
Puc. 1

CHUMBOIIYHO 11€ O3HAUYEHHS 3aMUCYIOTh HACTYITHUM YHHOM:
limx, =a.

n—

[HIMMU cioBamu, ke O Majie 3HaYEHHSI € MU HE B3sJIM, PAaHO YU
IMI3HO «HECKIHYEHHUM XBICT» IIOCJIIIOBHOCTI IIOBHICTIO BUSIBUTBHCSI B
IbOMY OKOJIL.

K10 y MOCHIJOBHOCTI ICHY€E CKIHYEHA TpaHulls (piBHA 4UCIy @),
TO BOHA HA3UBAETHCS 301KHOI (30KpEMa, HECKIHYEHHO MaJIO0 MpHU

a=0).

Hanpukmnan, MOCIHiIOBHICTE X, :2_? e 30ikHOI0, 060

lim| 2—— |=2 (tyr napi6 i3 30inblIEHHSM £ OpAMye 1O HyJs, i

n—>0
BIJINIOBIJTHO, TPAHUIISA TOPIBHIOE 2).

bynp-sika HECKIHYEHHO CIaJHa TEeOMETpUYHA TMpOorpecis, SK
3pO3yMLJIO BXK€E 3 HA3BU, HECKIHUCHHO MaJia MOCiJOBHICTb:

U,

n

lim—=01 lim

n—>%0 Sn_l n—>0

Akimio y TNOCHIIOBHOCTI HEMa CKIHYEHOI TpaHulll, TO BOHA

HA3UBAETHCS PO30IKHOIO, MPU [BOMY MOXJIMBI JBa BapiaHTh: abo

IpaHUIll 30BCIM HE ICHYe, ab0 BOHAa HECKiHYeHHa. B ocTaHHbOMY
BUMAJKY MOCJ1IOBHICTh Ha3UBalOTh HECKIHUEHHO BEJIUKOIO.

HocmigoBHocti x, =n” i y, =2n—1 € HECKIHYEHHO BEIMKHMH,
OCKUIbKH 1XH1 €JIEMEHTH BIIEBHEHO MPOCYBAOTHCS 10 HECKIHYEHHOCTI:
. 2 L g
limn* = i hm(2n+1) — 0.

n—>0 Nn—>0
Apudmernuna mnporpecisi € Ppo30DKHOI IMOCTIJOBHICTIO, 3a
BUHSATKOM BWIIQAKy 3 HYIbOBUM KpokoM d =0. I'panuns Takoi

BUHSITKOBOI IMOCJIJJOBHOCTI ICHYE 1 301ra€ThCA 3 EPIINM €IIEMEHTOM d .
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Taka » TenaeHuia y nociaigoBHocredt x, =31y, =1".
S0 3HAMEHHHK TeOMETpHUUHiH mporpecii g > 1, To mocioBHICT
HECKIHUYCHHO BEJIMKA:
lim5™"

n—>0

0,
n . . n
Sxmo x g <-1, Hampukmang X, =(—5) , TO TPaHUIII hm(—S) HE
Nn—>0
ICHY€, TaK SIK WIEHH CTPUOAIOTh TO JO «IUIKOC HECKIHYEHHOCTI», TO J0

«MIHYC HECKIHUEHHOCTI».
[TocninoBHICTH x, =(-1)" +l: 0, E, —%, 2, —ﬂ, Z, —é, ... TpaHuIll
n 2 3° 4 5°6 7
He Mae€, aje 3 Hei MOXKHA BUJIUIMTH 1Bl MIAIOCIIJIOBHOCTI:
M1JIMOCIIIOBHICTh TTAPHUX E€JIEMEHTIB MOCIAOBHOCTI, TPAHUIICIO SKOI €
1, 1 MANOCHIAOBHICTh HEMAPHUX E€JIEMEHTIB IMOCIII0BHOCTI, TPAHUIICIO
SIKOI € —1.
[Ipu 3HaxXOMKEHHI TpaHMIL IOCIIIOBHOCTEH CiiJ TIaMm’siTaTu
apu(MeTHYHI BJIaCTUBOCTI TPAHUIIb:
- TpaHull CyMH (Pi3HHUII)IOCIIAOBHOCTEM piBHA CyMi (pi3HHIII)
IpaHullb [IUX MOCTIJOBHOCTEN
lim(un ivn) =limy, +limv ;

n—0 n—0 n—w
- TpaHulls A00yTKY MOCIIAOBHOCTEW piBHA JOOYTKY TPaHUIb ILHMX
IIOCJI1JOBHOCTEN
lim(u, - v, ) =limu, -limv,;

n—0 n—0 n—0

- TpaHUIl YaCTKH MOCIIJOBHOCTEU JTOPIBHIOE YACTIl TPAHMIh LHMX

IIOCJ1JOBHOCTEN
[ Y| - 22
oy limv,

n—0

Cyma (pizHung abo J00YTOK) CKIHUYEHOI0 4ucjiaa 0€3MEKHO Maux
IIOCJIIIOBHOCTEN € OE€3MEKHO MaJIOKO ITOCIIIIOBHICTIO.

Cyma (abo nm00yTOK) O€3MEXHO BEIUKHUX TOCIIJOBHOCTEH €
0e3MEKHO BEJIUKOIO ITOCII1TOBHICTIO.

Cyma (pi3Huilsl) 0€3MEXKHO BEIMKOI MOCHIIOBHOCTI Ta OE3MEXKHO
MaJIO1 TMOCI1IOBHOCTI € 0€3MEKHO BEJIMKOIO TTOCII1TOBHICTIO.
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Ipuxiaagu 3HaX0AKeHHS TPAHULb MOCTiT0BHOCTEMN
Konu mnoTpiOHO BHU3HAYMTH TPAHHULIIO MOCIIIOBHOCTI, CIOYATKY
OpPOCTO HaMaraemMocs MiACTaBUTH HECKIHUYCHHICTh y  (OpMyy
MOCJIIZIOBHOCTI 3aMICTh # 1 3aCTOCYBaTh apu(METHYHI BIJIACTUBOCTI
IpaHUILb.

1. 3HaiiTu rpaHulll a) lim(Z\/Z—3); 0) lim( > _@J

e e\ n+l 0
Po3B’si3yBaHHs
aﬂm%%M—QZZﬂ%3=wﬁﬂm{ > l?j()o 0.
e e\ n+l n

Ha mnpaktuii 3ycTpidaroThCsi TpaHUIll, IO MPH  I1JICTaHOBIII
HECKIHUYEHHOCTI 3aMiCTh /1 JJal0Th HEBU3HAUYCHICTh. PO3risiHEMO IpaHuIli

Y BUITA A1 HaCTKHU IBOX MHOT'OYJICHIB, IO € HCBU3HAYCHICTIO BUAY {—} .
o0

3 2 1 2 2 _ —
2. 3HaiiT rpaHumi a) lim Tn+on” o0 ; 0) lim n” - 3n 5;

e Spt +6n° —3n—4 oo p4]

2n* —3n-5
B) lim :
e 1+ n+3n°
Po3B’si3yBaHHs
I'panuili y BUIJISAI YacTKU JIBOX MHOTIOUYICHIB PO3B’S3YIOTh
TIJICHHSIM YMCENIbHUKA 1 3HAMEHHHUKA P00y Ha HANO1IbIINI CTEHIHb 71 .
a) Tak y mnepuioMy BHUOAAKYy JUIsi YCYHEHHSI HEBU3HAYEHOCTI
MOJIIMMO 4YHCENBHUK 1 3HAMEHHMK Jpo0y Ha n' 1 BHKOHAEMO
CKOpPOYEHHSI B MeKax KOXKHOT'O po0y, OTPUMAEMO

7n’  5n° 9n 1 7 5 9 1

W S
lim > =lim [licns  3acTocyBaHHS
o 5pt 6n° 3n 4 o= 6 3 4

At T i T St S5 %

n n n n n n n

.7 .15 .. 9 o1
Iim—+ hm—2 + hm—3 + hm—4

) . 6 .3 . 4
Im5+lIm— — hm—3 — hm—4

0+0+0+0 0
O0OYHCIIMMO KOXHY 3 OTPUMAHUX T'pPaHHUIIb —=0, 60

540+0+0 5
k k k

lim—=0, lim— =0, lim—=0, hmi =0, limk =k (ne k — crana).

apu(PMETHUYHUX BIACTUBOCTEH TPaHUIlL
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0) ¥V npyromy BUNAJKy MOJUIMMO YHCEJIbHUK 1 3HAMEHHHK ApPOOY
Ha n° 1 BUKOHAEMO CKOPOYEHHS B MeXKaX KOKHOIO ApoOy, Maemo

2 35, 3.5

2
n_n
n—>o0 n 1 oo 1]

3acTocyemo apupmMeTHyHi

n n n n
) .3 .. 5
11m2—11m——11m—2

1 1

BJIACTUBOCTI TpaHUIlb 1 O0YHCITUMO KOXKHY 3

lim—+lim—
2-0-0 2 k
OTpUMaHUX TpaHUIlp ——— =—=00, 00 — =00 (3allUC — O3HaYyae
0+0 0 0

JIJIEHHS] HA HECKIHUEHHO MaJjie YUCJIO).
B) Y TpeThOMY BUNAJKY JIJIUMO 1 YUCEIbHUK 1 3HAMEHHUK APOO0y Ha

3 5
2-=———
n°, MaeMo TIiCIg CKOPOYEHHS B MEKAX KOKHOTO JpoOy lim%.
n—o0
—+—+3
n’ n
3 5

lim2—lim——lim—2

. . —>0 —>00 —00 .
3acTocyeMO apu(pMETHUHI BJIACTHBOCTI MPAHMIb — AR/ 1 TR
lim— +lim—+1im3
2-0-0 2

00YHCIMMO KOKHY 3 OTPUMaHUX TPaHUllb ———— = —.
0+0+3 3

['panulll y BUTJISA11 YaCTKU JIBOX MHOTOYJIEHIB MOKHa PO3B’sI3yBaTH
MIBHUAINE, TaK SK MHOIOWICH OIJBIIOrO CTENeHs (BH3HAYAETHCS 3a
HaWOIIBIIMM CTENIEHEM MOro 4JeHIB) NpsIMy€ JI0 HECKIHYEHOCTI
mBuame. Tomy, SKIIO CTENiHb MHOTOYICHAa YHCEIbHUKA MEHIIIE
CTETICHS MHOIOYJICHa 3HAMEHHHWKA, TO TpaHUISl YaCTKH pPiBHA HYJIIO

. T +150 +9n+1 .
lim =(0. koo cremHsr MHOroOwIeHa 4YHCEIbHUKA

4 2
e Spt +6n" —3n—4
OiNbIIe CTEMEHs MHOrO4WieHa 3HAMEHHMKA, TO TpaHUISl YacTKU €
2
) ) . 2n°-3n-5 ) )
HECKIHYEHICTIO lim 1 =o00. JIKIIIO cTerneHl 000X MHOIOYIECHIB
n—>o0 n+

piBHI, TO TpaHULSl YACTKW piBHA BIJHOUIEHHIO KOE(DII[IEHTIB NpU 71 Y

. ... 2n°=3n-5 2
HaKOLIBIIOMY CTEeTeHl lim —=—.
n>o |4+ n+3n 3
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Hactynni npukiaan OyayTh 3BOJUTUCH IO TPaHUIlb, OAIOHUX 110
PO3TJISIHYTUX Y TIpUKIal 2.

2 2
3. 3HalTH rpa"umo lim (n+ 12 (2+n) )
n—>c0 n +n+l

Po3B’si3yBaHHs
Po3kpuBaeMO AY>KKH 1 3BOJAMM IOAIOHI JOAAHKU B YHCEIbHUKY

n”+2n+1-4—-4n—n’ 2n-3 {oo

lim > =lim————=1—¢=0. Orpumamu 0, 00
" n +n+l1 et +n+1 (00

CTCIIHb MHOIOWICHA YHCEJIbHHKA MEHIIE CTEIEHsI MHOro4wIcHa
3HAMCHHUKA.

PosrissHeEMO crioco6H PO3KPHTTS 1€ OJHOTO BHY HEBU3HAYEHOCTI,
a caMme {oo — oo} .
3 4

. . n n
4. 3naiiti rpanuIio lim| —————
ol p” 41 n =1

Po3B’si3yBaHHs
Cnoyatky miJICTaBUMO HECKIHUYEHHICTh Y (OpPMYJly MOCIIIOBHOCTI

. | .
3amicTh n. O0uBa ApOOU € HEBU3HAYECHOCTSIMU BUY {—} 13 CTEIIEHEM
00

MHOIOWICHA YHCEIbHUKA OlIBIIE CTEIEHS MHOIoOYJIeHa 3HAMCHHHKA,

3 4
. n n .

TomMy lim — € HEBU3HAUECHICTIO BUJTY {00 — O ¢ .
oo\ P41 n’—1

JInst pO3KPUTTA HEBU3HAYEHOCTI {oo—oo} 3BEJIEMO JIpOOH JI0

. . n3(n3—1)—n4(n2+1)
CIIJIBHOI'O 3HAMEHHHMKA lim
e (n?+1)(n’ -1)

YUCEJIbHUKY 1 3HAMEHHUKY 1 3BEIEMO IOJI0HI JOAaHKHM MHOTOYJICHIB

6 4 4
n—n*-n®-n —n’—n {oo

. PO3kpueMo nyxku y

lim = lim =9—=0. Orpumasmm 0, 00

5 3 2 5 3 2
e g 4+n—-n =1 mept+nt-n" -1 |©

CTEIIIHb MHOIOYJIEHA 3HAMEHHMKA OIbIIEe CTEIeHS MHOro4jeHa
YUCEJILHUKA.

PO3r7IsIHEMO IPaHHLI, 10 € HEBU3HAYEHICTIO {oo — oo} 3 KOPEHSIMHU.
5. 3HallTH TpaHUIIll MOCI1I0BHOCTEH

6 4 6
a) lim(\/n2+n+3—\/n2—3n+1);6) lim\/n 2n _8_\/71 +5.

n—0 n—0 n
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Po3B’si3yBaHHs
a) MaeMO HEBHM3HAYECHICTh BUIY {oo—oo}. Jnst pO3KpUTTA 1€l
HEBU3HAYEHOCTI TOMHOXHMO 1 TMOJUIMMO Ha CHPSDKCHUN BHUpas

(\/ﬂz+n+3—\/n2—3n+1)(\/n2+n+3 +\/n2—3n+1)
lim

" \/n2+n+3+\/n2—3n+1
3acrocyBaTH (opMyiy pisHuui kBaapatis (a —b)(a+b)=a’ —b*, T06TO

(\/n2 +n+3)2 —(\/n2 —3n+1)2

: 100

n2+n+3—(n2—3n+1)

lim = lim X
e \/n2+n+3+\/n2—3n+1 'H‘”\/n2+n+3+\/n2—3n+1
) n+n+3-n*+3n-1 )
Po3kprieMO OyXKHM B YHCENBHHKY lim 1
H"‘Dx/n2 +n+3 4—\/112 —3n+1
. . 4n+2 :
3BeIEMO IMOAI0OHI JOJaHKH, MaeMo lim . Iicas

2 2

'H‘”\/n +n+3 +\/n —3n+1

TAKOr0 MEPETBOPEHHS MU HE M030aBUJIMCh KOPEHIB, ajie M030aBUIIUCH
BiJl PI3HUII KOpEHIB, IO JaBajla HEBM3HAYEHICThH {oo—oo}. A cyma

KOPEHIB € BU3HAYEHICTIO 00 + 00 = 0.

. 4n+2 :
To6to rpanums lim € HEBU3HAYCHICTIO

'H"O\/n2+n+3 +\/n2—3n+1

0.0) . -« . . . w M (v
BHUIAY {—} . OI_IIHI/IMO HaWOUIBIII CTEIICH] 71: B YUCCIIbHUKY HaWO1IbIITHI
00)

CTENIHb 1 — MEPUINI; B 3HAMEHHUKY HalOUIbIIUKA CTENIHb 7 — MEPIIUI

(vn® =n). Tak gk HafOINbLII CTENEH] 7 B YMCENLHUKY i B 3HAMEHHUKY
piBHI, TO BU3HAYUMO KOE(ILIEHTH MPU 7. B YUCEIBHUKY KOE(DIIIEHT
npu n piBHUN 4; B 3HAMEHHUKY KOEQILIEHT mpu n piBHUNA 1+1=2

: .. : : .4
(koeH KOpiHb JaB koedirieHT). Toil rpaHulisi HOCTiAOBHOCTI 5 =2.

K110 TaKy OIIHKY MPOBECTH Ba)KKO, TO AUIMMO YHUCEIIbHUK JIpoOy

Ha n' (Ha n° TiAKOpeHeBi BHUpa3u) 1 CKOPOUYEMO JpOOH

4n 2 2
—+— 4+—
lim —— L1 = lim 7 :
n—+£+i+ n——3l+i \/1+1+32+\/1—3+12
n nton n* nt on? non non

3aCTOCOBYEMO apU(PMETHUHI BJIACTUBOCTI TPaHUIb Ta OOYHCIIOEMO



13

4+0 4
KOYKHY 3 OTPUMaHHUX I'PaHULIb =7

J1404+0+/1=0+0

) \/n6+2n4—8—\/n6+5 ) )
0) I'panuns lim BMIIIY€ HEBU3HAYCHICTH

n—0 n

{oo — oo} y YUCEIbHUKY. {151 pO3KPUTTS 11€1 HEBU3HAYEHOCTI MHOKHUMO

YUCEIbHUK Ta 3HAMEHHHUK Jpo0y Ha BHpa3 CIPSKEHUH 10 PI3HMII

(\/n6+2n4 —8—\/n6—5)(\/n6 +2n* -8 +\/n6 —5)

KOPEHIB lim 1
" n(\/n6+2n4—8 +\/n6—5)
3aCTOCOBYEMO bopmyiry CKOPOYEHOI'0 MHOKEHHS

2 2
. (\/”6+2”4_8) _( ”6_5) n6+2n4—8—(n6—5)
lim =lim )
e n(\/n6+2n4—8+\/n6—5) "_mn(\/n6+2n4—8+\/n6—5)

[Ticng pO3KpUTTA IyKOK 1 3BEIEHHA MOMIOHMX JOAAHKIB MAa€eMO

) n®+2n* —8—n®+5 i 2n* =3
lim =lim

"_mn(\/n6+2n4 —8+\/n6—5) "_mn(\/n6 +2n* -8 +\/n6—5).

. o0
Opepxain TpaHULIO, SIKA& Ma€ HEBU3HAYEHICTh THILY {—} B
o0
YUCEIbHUKY HaWOUIbIIMNA CTEMIHb # — 4YETBEPTHUH; B 3HAMEHHUKY

o o . o 4 o e .
HaWOINpIMil cTeminp n — uerBepTuii (nvn® =n*).Tak sk HaiGibwIi
CTENEHI 7 B YHCEIbHUKY 1 B 3HAMEHHUKY pIBHI, TO BHU3HAYMMO

koe(ilieHTH Tpu n': B uMCeNbHHMKY KoedilieHT npu n' piBHUMIA 2; B
3HAMEHHMKY Koe(iuieHT npu n' piBHMA 1+1=2 (Ko:XHHMiI KOpiHb Hac

. . . .2
koeditieHT). Toi rpaHuIls TOCTIIOBHOCTI 5 =1.

Po3rissHeMo rpaHulll OCTiAOBHOCTEH, 1110 MICTATh (PaKTOpIAJIH.

. . . 5 . (2n+1)+(2n+2)!
6. 3HalTU TpaHUIl NOCHIAOBHOCTEH a) lim ;
n3a (2n+3)!
5) lim(n+4)!—(n+2)!
"—>°0(n+3)!+(n+2)!'

Po3B’si3yBaHHs
a) 3anuiiemMo MMOYaTKOBUU npio K Cymy Ipo0iB
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L [(@neD)! (2n+2)!
1m
el (2n+3)! (2n+3)

| 1-2-...-2n-(2n+1) 1-2-...-(2n+2) ,
lim + 1
n—>0 1-2-...-2n-(2n+1)-(2n+2)-(2n+3) 1-2-...-(2n+2)-(2n+3)

!

}. Poznumemo ¢akTopiaiv y BUTIIsAIL JOOYTKIB

1 1
CKOPOTHMO ApoOu, Toal lim + =0+0=0.
P P n%{(2n+2)-(2n+3) 2n+3}

0) Cnouatky mo30aBUMOCH BiJl (hakTopiaiiB. [{Jisi IbOTO 3aCTOCYEMO
(n+3)!= (n+2)!-(n+3), (n+4)!= (n+2)!-(n+3)-(n+4). Otpumaemo
lim(n+2)!-(n+3)-(n+4)—(n+2)!
e (n4+2)H(n+3)+1-2-...-(n+2)!

(n+2)t[(n+3)-(n+4)-1] |

1 BUKOHA€MO CKOPOYCHH:A

, BHHECEMO 3a JYXKH CIUJIbHI

MHOXHHUKH lim

e (n+2)H (n+3)+1]

lim(n+3)-(n+4)—1
n—>0 (n+3)+1

, PO3KPUEMO JTYKKH 1 3BEJIeMO MOAI0HI JOAaHKH,

2
. n+7n-11 |oo :
oTpumaemo lim =q—¢=00. Orpumasim o, 00 CTEMNIHb

oo p4+4 00
MHOTOYJICHA Yy UMCEIbHMKY OUIbIIE CTENEHs] MHOTOYIEHA Yy
3HAMEHHHUKY.

B rpaHunsx y BUINIAAI YAaCTKHM MOKA3HUKOBHUX IOCIIIOBHOCTEN
3aCTOCOBYETHCSI METOJT A1JICHHS YMCEJIbHUKA 1 3HAMEHHUKA Ha CTEMIHb 3
HANOUIBIIOK OCHOBOIO.

3" 424
7. 3HAUTHU TPAHULIIO liml—.
n—>0 4n+ _5
Po3B’si3yBaHHs
BUKOpPUCTOBYIOUM BJIACTHUBOCTI CTEIEHIB, BUHECEMO 3 MOKA3HUKIB

. ) . 3:3"+2-4"
BCE 3aiiBe, 3AJIMILIMBILIMN TaM TUILKHM 7. Maemo lim W
n—»o0 . —_

Bubupaemo creninp 3 HaltOLIBIIOW OCHOBOIO — 4" . J[1s1 po3KpUTTA

HEBHU3HA4YCHOCT1 {—} JUINMO ITOYJICHHO YHUCCIbHUK 1 3HAMCHHUK Ha 4"
o0

1 3acTocoByeMOo  apudMETHU4HI  BJACTUBOCTI  I'paHUllb, TOOTO
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3. é +2 Iim3-lim é +lim2 3-lim é +2
. 4 n—sw  nowo\ 4 n—>o0 n—wo\ 4 .
im 5 = 5 = 5 X OCKIUJIbKH
T4 lim4 —lim — 4 —lim

n

4" n—o0 n—o 4" n—o 4

3Y . .
(Z € HCECKIHYCHHO CIIaJIHORO FGOMeTpI/IIIHOIO HpOl‘pGClGIO, TO BOHA

npssmye 10 HyJa. Jlo Hyas npsMye 1 KOHCTaHTa, IOAJIEHA Ha
. . .. 5 . 3-:0+2 1
HECKIHYEHHO BEJMKY nporpecito lim— =0. Toxi MmaeMo ———=—.
n—w 4 4-0 2
[I[o0 3HaWTH IPAHUIIO 3HAKO3MIHHOI ITOCIIJOBHOCTI, CIIOYATKY CJI1]T
3HAWTHU TPAHMINIO MOCIIAOBHOCTI, SIKa CKJaJ€Ha 3 MOJYJIB €JIEMEHTIB.
3HaK MOAYJIsl 3HUIIYE MHOYKHHUK, 1110 3a0€3Ieuye 3HaKO3MIHHICTb.
n+1 n+l 3 +1
()M (=), ()T (2 (1) 2
8.a) lim > ; 0) lim > ; B) lim-—~———.
e opt 43 n3e n°+3 e 3pt 44
Po3B’si3yBaHHs
+1
(-1)" (2-n)

2

—n - :
=0, 101 lim =0, 60 3MiHa 3HaKy

a) Tak sax lim

o +3 e opt 43
g 0 HIYOro HE 3MIHUTD.
n+l 3
o 2+n . (_1) (2+”)
0) Tak sk lim———=00, T0 1 > , IPAMY€ TO 10 —o0,
oot 43 n°+3
TO J10 +00.
n+l )
. 2nr 2 . (-1)" 2n ,
B) Tak sk lim— =—, TO hm# HE ICHYe, 00
oo 3p”4+4 3 noe 3pT 4

. . 2 2
MOCIJIOBHICTh MPSAMYE TO J0 3 TO JI0 "3

3aBaaHHs AJIA CAMOCTIHOTO PO3B’A3YBaHHSA
OO0YuCIUTH TPAHUII TTOCTITOBHOCTEH.

. (l—n)2+(1+n)2_ 5 1 n’ ~ o
-2) }’g(l—n)z—(hrn)z’ ),}Ej 3n* -2 3n+2)

B) lim nl-(n+1)! r) lim{nvn® + —n\/nz—l).

=0 (n+2) 4 (n+1)! S




(B3-n)

2.a) lim T
”_”O(n 3) (n+3)
3n+1+7n+1
1 .
B) nl_{g 7n 3n+2 ?
3
3. ) lim (LF2) =87
= (142n)" +4n*
5) lim(n+3)'— n+1)'
o (n+2)
4. a) i) =(n=2)"
e gt 4 2n-3
5n+1_|_3n
B) lim—————;
now .30 4 5"
3 3
5 o lim(n+1) —(n—l) _
”_>°O(n+1)2—(n—1)2’

(2n)'+ (2n + 1) _
S e ) ()

6.a)1im( ~3) ~(n- )2,
= (n=1)" =(n+1)
7" +10-9""

5107 4772

7. @) tim U 3) +(n+3)"
”_”O(n 3) (n+3)
(n+3)'—(n+1)

S e ) (n e )

2
8. a) lim 2n 4n ;
2+l

| p? —1

16

2n’
n® -3

0) lim

n—0

_2n2+1 .
n+2 )
\/n(n+2)—\/n2—2n+3).
n’+1 4n’ +1),
2n+1 8n+1 )
\/n(n+1)—\/n2—n+2).
2n3+1_2n2+1 _
-4 n-2)
Jr+2)(n+1) = J(n=1)(n+3)).
_2n2+1 _
n+3 )
r) lim(\/nz 1 2n—2—In —6).
3n* +1 _
3n—1 )

5) hm(zrﬁ +1
r) 1imJZ(\/n+1—Jn—3).

r) lim

n—0

0) lim

n—0

r) lim

n—0

0) lim

n—0

r) lim

n—0

n—1
2n* —1

0) lim

n—0

no| 2p? —1
n—»o0

3 2
0) lim nz L__n ;
27 oo\ Spt -2 Sn+2

T) }111_1)1;( n(n+5) —n).
(2n+1)" =(n+1)"

n+n+1 ’

r) limn(\/n4+3—\/n4+2).

n—0

0) lim

n—0




9. a) hm(n+2)2—(n—2)2. ) lim(nz—l_n32+2}
n—o0 (n+3)2 oo\ p4+2  nt+1
o im0y lim a1 (Ve 3 -V -2).
o (n43) i
- (n' =1 n’+2 (n+1)° —(2n-1Y’

10 a)hm{n L J; 6) lim .
oo\ p4+2  nt+1 n—>00 2 _ 4 ’
22n+3+3n+2 . " .

B) lim : : r) lim n\/;—\/n(n+1)(n+2)).

N—>00 4n+ +7 n—»0
1/13—(11—2)3 . n n’
- : 6) 1 _ :

t. ) }ll_r}g n+2)2—n2’ )ngg 2n* =3 2n+3)

B) lim n'_(n+2)' . r) lim\/;(\/n—z—\/n+4),

o (n+3)H (n+1)! .
n —(11—2)2 5) 1i n B n’ .

12.) ln ne2) —n VN2 a1 )

im0t 3 ),

n—o0 . +
2 2 3 3
13.a)lim(n t1__an j; 6) lim ("—12) LN

B) lim (2n)'—(2n+1)' . F) lim(\/n2+n—1—\/n2—n+1).

> (2n+2)+(2n+1)1 "
4 2 5
e\ 2nt =3 o (2 +1) —2n° —1

B) hm 7n + 2n+2 .
n—w §. 2"le + 7”+2 ’

3
15. a) lim( 2n —ZnJ;

noo| p” =3
(n+3)!—(n+1)!'
(n+2)! ’

B) lim

n—0

17

1) lim({fn(n +2) ~n).
(2-n)

0) lim :
) e (lfH-l)2 —(n—l)2

T) lim(\/n(rH—l) —\/n2 +1).

n—0
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: n n|. . (24—1/1)2
16. a) lim 7 — ; 6) lim . -
o\ pt—1 n+l1 n—)oo(n_l_l) —(n—l)
B) 1im§:—_§l; r) }li_r)lg(n—\/nz —2n—5).
n—>0 _|_

JlabopaTopHe 3ansaTTH 4.02

T'PAHUIIS ®YHKIII
TeopeTnuni BizomMocTi

Hexali ¢ynkiis f(x) BM3HAUeHa Ha IHTEpBai (a;+oo). Yucno A4

HA3UBAIOTh TpaHULECIO (PYHKIII B «IUIIOC HECKIHYEHHO BIIJATICHIN»
TouIll, ToOOTO A= lim f(x), SK0 A JOBUILHOTO uucia & >0, icHye

X—>+00

qucio o6(g)>a Take, 1O JUIl BCIX X, fKI 3aJI0BOJIbHSIOTH YMOBI
0 < X <+00, BUKOHYETBCS HEPIBHICTH | f(x)— A|<&.

['eomeTpuuHo, 11e o3Hayae, mo Trpadik QyHkmii f(x) AT TOUOK
X € (5;+oo) MICTUTBCSI B MIBCMY3l, OOMEXEHIA NpAMUMU V= A—¢,
y=A+¢&, x=0 (puc. 2), K1 aexaTh CIIpaBa BiJ OpsMoi x =0 .

Hexalt @ynkuis f(x) BU3HayeHa Ha iHTepBami (—oo;—b). Uucno A

HA3UBAIOTh TPAHUNEIO (QYHKII B «MIHYC HECKIHUEHHO BIIJaJICHIN»
TouIll, To0TO A= lim f(x), sIKIIO JyIsi JOBIIBHOrO uucia & >0 icHye

X
qucio o(g) <—b Take, MO I BCIX X, SIKi 3aJ0BOJIBHSIIOTH YMOBI
—00 < x < =0 , BUKOHYEThCS HEPIBHICTB | f(x)— A|<&.

['eomeTpuuHo 11e 03Havae, mo rpadik QyHkmii f(x) aa1 TOYOK
x € (—0;8) MicTuthCs B mBCMy3i, oOMexeHiil mpamuMu y=A—¢,

y=A+¢, x=0 (puc. 3), AK1 JexKaTb 3711Ba BIJ IPSMOi X =0 .

3(¢) da(¢)
Puc. 2 Puc. 3
Yucino A Ha3uBalooTh TpaHULCl0 (YHKIIT B «HECKIHYEHHO



19

BlIIaJICHI» Toulll, TOOTO A =lim f(x), SKIO A7 OBLIBHOIO YMCIIa
X—>00

>0 1cHye Take umcio O(g)=0, mo mpu |x| >0 BUKOHYETHCS
HEPIBHICTS | f(x)— A|<&.

Hexaii ¢pyHkuis f(x) BU3HA4YCHA B ACIKOMY OKOJII TOUKH X,, KPIM,
MOYKJIMBO, CaMOl TOYKH X,. UUCIIO 4 Ha3MBAaIOTh I'PAaHULICIO (DYHKIII B
TOYll X,, TOOTO A = lim f(x), KO U1 TOBUIBHOIO 4ucia & >0 icHye

X—>X
qucio O0(g)>0 Take, moO a9 BCiX X, 5Kl 3aJ0BOJBHSIOTH YMOBI
0< |x — x0| < 0, BAKOHYETBCS HEPIBHICTh | f(x)— A| <g.

I'eomerpuyHO, 1€ O3Ha4yae, W10 o
rpagik  ¢yHkmii  f(x) guA4 TOYOK .
x€(x,—8;x,+68) (x#x,) morpamsie
BCEPEIMHY MPSAMOKYTHHKA, OOMEKEHOIO
PSIMUMHA y=A4-¢, y=A+e¢,
X=Xx,—0; x=x,+0 (puc.4).

[Ilo 10 TOUKH (xo;f(xo)) (K110 B
Ttouli x, GyHKUiA f(Xx) BU3HAYEHA), TO
BOHA MO’KE HaJIe)KaTH a00 HE HAJIEKATH
bOMY NPSIMOKYTHUKY.

[IpoaHayizyeMO OPUHIMIIOBI BIIMIHHOCTI T'paHUINl MOCIiJOBHOCTI

B1Jl TpaHull (PyHKIIII.
VY rpaHuni nocmgoBHOCTI limx, «auHAMi4Ha» 3MIHHA 1 MOXKE

n—

OpsIMyBaTH TIUIBKU IO IUTIOC HECKIHYEHHOCTI — B O1K 30UIbIICHHS
HaTypaJIbHUX HOMEpIB. Y rpanulll GyHkmii lim f(x) aprymeHT x Moxe
x—)xO

0 X,—8 x, x,+3

Puc. 4

X—>+00
X—>—00
X—>0
OpsIMyBaTH JI0 IUIIOC 200 MIHYC HECKIHYEHHOCTI abo 10 JTOBUIBHOTO
MIACHOIO YHCJa.

[TocnigoBHICTh AMCKpeTHA (MEpepBHA), TOOTO CKIAAAETHCA 3
OKpEMHMX 130JIbOBAHUX €JIEMEHTIB. YHACIIJIOK JUCKPETHOCTI B IPaHULISIX
MOCJIIIOBHOCTEM 3yCTpiyaroThCs CBOI (pipMOBI pedl, Taki K GakTopiai,
«MUTAJIKW» (4epryBaHHS ILTIOC-MIHYC), POrpecii 1 T.1.

st aprymeHTy ) (QyHKLII XapakTepHa Oe3nepepBHICTb, TOOTO X
MJIaBHO MPSMYE JI0 TOTO YH 1HILIOTO 3HAYCHHS. I, BiAMOBIIHO, 3HAYEHHS
(GyHKILIIT OyIyTh TaK caMO HEMEPEPBHO HAOIMKATUCS 10 CBOET TPAHUILL.
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DyHKINT B TOYIl Y4 HA HECKIHUEHHOCT! (SIK 1 TOCIIJJOBHOCTI) TEX
MOXYTb OyTH
oOMexeHUMHU (rpaHuilsl (PyHKIII piBHa CKIHUYEHHOMY YHCIy (HE
HYI0)),
0e3MeKHO MajauMu (rpaHuis QyHKINT piBHA HYJIIO),
0€e3MEeKHO BETMKUMU (TpaHullsl QYyHKIT IPSMY€E 10 HECKIHUEHHOCTI),
rpaHulls QyHKIIT MOXeE 1 HE ICHYBaTH.

[Ipn 3HaxomKeHH1 TpaHullb (QYHKIIA HA  HECKIHYEHHOCTI
3aCTOCOBYIOTh TakKl > METOJIU, [K 1 MpPU 3HAXOHKEHHI T'PaHUIb
nociijoBHocTe. ToMy cHoyaTky MpOCTO Hamaraemocsi IiJICTaBUTH
HECKIHYEHHICTh Y (PYHKIIIIO 1 3aCTOCOBYEMO apU(PMETUUHI BJIACTUBOCTI
rpanuip. [Ipy 1bOMy BH MOBUHHI PO3YMITH 1 Bifpa3y po3B’s3yBaTH

HAWMpOCTINI TpaHUlll, HANpUKIaJ Taki SK: hm(x —2x—3):

X—>0

liml:O, limM:O, lim#: , limi:O th:O,

x—0 ¥ X—>0 X x—o xy — Q0 x—0 ¥ X—>0 x4 +9

limL:O, lim(éj =00, lim(éj =0, lim(zj =0,
X—>+0 \/m x>+ 2 x—>—o|\ 2 x—>+o0| 3

lim(éj =0, hmi—O lim Inx =0, hmizO.

X—>—00 X—>+00 4 X—>400 X—>+00 ln X

CaMOCTIHO MpoaHaII3yuTe 111 HAUMPOCTIII TpaHulll. SKIIo J1ech €
CYMHIBH, TO TEPEKOHAWTECh 3a JOMOMOIOI0 KajbKyjsitopa. Tak, y
BUMAIKY, SKIIO X — 400, MOOyayHTe mochaiaoBHicTh x =10, x =100,
x=1000 1 mpociiaKyilTe, Kyau NpAMY€ MOCIIIOBHICTh 13 BIAMOBITHUX
3HaueHb (QyHKUIi. CTporo Kaxydu, Takud MmiaxXig 3 1T00YyAOBOIO
MOCTIJOBHOCTEM 3 JEKIJIBKOX 4YHCEI HE € KOPEKTHUM, ajie s
PO3yMIHHS HAUITPOCTIIIMX MPUKJIA/IIB IIJIKOM MIJIXOIE.

. .. 2x"=3x-5
3HaliTU TrpaHULI0 QYHKUI Yy TOYIl 11n11 1 O3HA4ae
x> X+
: 2x* =3x-5
BCTAHOBUTH [JI0 4Or0o Mpsmye QyHKIIA f (x) = 1 npu X
X+

npsmye o oauHuii. Illo o3Hauae Bupa3z «x TMPSAMYE 10 OTUHHUILI»?
[ToOyayemo mocniioBHICTh: cmovyatky x=1,1, morim x=1,01,
x=1,001, x=1,0001... ToOTO BUpa3 «x MNOpsIMye IO OJUHHUII» CIiJ
PO3YMITH TaK — X TIOCJIIJJOBHO NpHUKMAE 3HAYCHHS, sIKI HECKIHYEHHO
OJIM3bKO HAOIMKAIOTHCS 10 OJUHUII 1 TPAKTUYHO 3 HEKO 301rar0ThCsl.

Sk po3B’A3aTh pO3rISHYTHM Tpukian? Buxonasun 3 ckazaHOoro,
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NOTPIOHO MPOCTO MiACTABUTH OJWHUINIO B (YHKIIIO, IO CTOITh i

... 2x"-3x-5 2-3-5
3HAKOM rpaHuIll: lim = =-3
%1 x+1 1+1
ToOTo crnoyaTKy NpoCTO HaMaraeMocs MiJCTaBUTH YUCIIO0, A0 SIKOTO
npsMye apryMeHT (YHKUII il 3HAKOM TpaHulli, y QyHkuito. [Hoxal 1e
BIKE JACTh BIIIIOBIIb.

Bu Takox MOBHHHI pO3YMITH 1 Biipa3y po3B’sI3yBaTh HAWUIPOCTIIIi

: : : ! .1
rpaHuii QyHKLIT B TOYII, HANPUKIAL Takl AK: lim—=o0, lim— =00,
x—=0 x x—=>0 x
. .1
limlnx =—o0, im——=0.
x—0 x—0 lnx

CaMOCTIHO MpoaHaII3ylTe 111 HAUMPOCTIII TpaHulll. Ko J1ech €
CYMHIBH, TO moOyayiTe mocaigoBHicte x =0,1, x=0,01, x=0,001 i
IpoaHaai3yWTe TOBEIIHKY TMOCJIJOBHOCTI  BIJMOBIAHUX 3HA4YEHb
byHKITI.

Ha mpaktuii 3ycTpivaroThCs TpaHMIl KOMOiHawiM (Cyma, yacTka,
TOIO) TMpOCTIMUX (YHKIIN, TOMY Ha OCHOBI 3aCTOCYBaHHSI
apu(METUYHUX BJIACTUBOCTEH TpaHHIlb OTPUMYEMO  BIJAMOBIAHI
KOMOIHaIll TpaHullb (YHKIIH. BIIbIIICTh 3 HUX € BU3HAYEHICTIO (Mae
NEBHUI pe3ynbTaT). B mo3HadueHHs X A — CKIHYeHa rpanuug, 0 —
rpaHulsl 0e3MeXHO Maioi (yHKINi, o0 — TpaHuIld O0E3MEXKHO BEIUKO1

A

GyHKIII HaBeAEMO MPUKIIAJAA BU3HAYCHHOCTEH: {%} =0, {_}:o,
o0

(e (e fon (2o 00, e

{oo-oo} =0, {O-O} =0, {oo+oo} =0, {O+O} =0, {0—0} =0.

JIst iX OCMHUCIIEHHSI AOCHUThH 3aMicTh (O B3ATH YHCIO OJIM3bKE 10
HyJsst (0,01 4u iH1I€), B pOsIl 00 B34TH Benuke unciio (1000 uu iHme), sk
A mipiiiae Oyab-sike ctajie 4ucio (2, 3 4y iHIIe) BiANOBIIHOTO TTOPSJIKY
B1THOCHO 0 1 00, 1 MOEKCTIEPUMEHTYBATH.

3yCTpI4alOThCsl 1 HEBU3HAUEHOCTI, K1 MOTPEOYIOTh PO3KPUTTA. [[Bi

: : 0| . .
HEBU3HAYEHOCTI BU/IIB {—} 1 {oo—oo} BK€ OyJlM pO3IJsSHYTI NpHU
o0

pO3IJISI/Il TPAHULIb HA HECKIHUEHHOCTI. ['paHuil pyHKIIT B TOULI MOXKYTh

. o] .
OyTH HEBU3HMYEHOCTSMH BUJIIB {—} i {oo — oo} . Posrisanemo npuknann.
o0
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Ipukaaau 3HAXOKEHHS TPAHULL PYHKIIIH

Ilpuxnaou 3naxoosrcennsn panunb GyHKyiii Ha HECKIHYEHHOCH

Metoau 3HaXOKEHHSI TPAHUIlb MOCTITOBHOCTEM 3aCTOCOBHI 1 JJIs
3HAXOJKEHHS rpaHullb (PYHKIII HA HECKIHYEHHOCTI.

Tx* +x—1 6x° —x* +1
1. 3Haiit rpasguil GyHKIII a) lim ; 0) lim ;
P by )x—>°04+3x—8x2 )x—>°05x2+6—x4
. 4 —x*+6
B) lim—; :
x>0 5x° —3x+2
Po3B’si3yBaHHs

I'panuili y BUIJISAAI YacTKA JBOX MHOIOYJICHIB PO3B’SI3YIOTh
JIJIEHHSIM YMCENIbHUKA 1 3HAMEHHUKA P00y Ha HAOUIBIINI CTENIHb X .

7x2+x_1 7+l_i
2 2 2 2 —
2) imX— X X _jpy_x x* _7+0°0_ 7
=+ 4 3x 8x =+ 4 3 o 040-8 8
ot T 2
X X X X X
6 1 611
4 4 2 4 —
6) lim*—*—*_ =lim&A XX _0-0+0_
o 5x’ 6 xt xow 5 6 0+0-1
4 X6 4 1.6
3 3 3 —
B) limX— X X _py_ x x 47040 _2_
x—)oosi_:sl 3 x—mé_i+2 0—-0+0 0
x3 x3 x3 X xz x3

I'panuii  y BUIVISAI  YacTKM  JBOX MHOTOYIEHIB  MOXHA
pO3B’sI3yBaTW IIBUJIIIE, TaK SK MHOTOYWIEH OUIBIIIOTO CTEHEHs
(BU3HAYAETHCS 32 HAWOUIBIIMM CTEIEHEM WOro 4IIEHIB) MpsAMYeE 0
HECKIHUEHOCTI1 mBuaiie. ToMy, SIKIIO CTeNeHl MHOTOYJICHIB YHCEIbHUKA
1 3HAMEHHMKA pIBHI, TO TpPaHUI YacCTKM piBHA BIJIHOUIEHHIO
KOe(ilI€HTIB IPU X y HAWOUIBIIOMY CTENIEHI YMCEIbHUKA 1 3HAMEHHUKA

x>0 4+3x—8x" |00

MEHIIE CTENeHs MHOIOYJIeHa 3HAMEHHHKA, TO I'DaHMI YacTKH piBHA
6x° —x* +1 {oo

o Ixt+x—1 o0 7 .
lim =J—t= —g. SIKIIo cTermHdp MHOTOYJIEHA 4YUCEIbHUKA

Hymo  lim—; -=4—¢=0. JSkmo cremiHb MHOrO4JICHA
=0 5x" +6—x 00

yHucelbHUKa OlJIbIIIE CTEHEHS MHOIOWICHA SHAaMCHHHKA, TO TI'PaHHIA
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4 —x"+6 |
YACTKH € HECKIHUYEHHICTIO lim —r=00,
o 5x% —3x 4+ 2

X X

2. 3HanTu rpanuno GyHkmi lim
P by ol 2x* =1 2x—1

Po3B’si3yBaHHs

wo| .
O6unBa aApoOU € HEBU3HAYECHOCTSMH BHUJY {—} 13 CTEIlEHEM
00

MHOIOWICHAa YHCEIbHUKA OlIBIIE CTEIEHS MHOIoO4JIeHa 3HAMCHHHKA,

3 2
X X

Tomy lim S 7.1 ¢ HEBH3HAYCHICTIO BUY {00 — o0} .

3BeeMo JIpoOu 110 CIUILHOTO 3HAaMEHHMKa 1 1 3BeleMO MOJ110H1

S(2x—=1)=x*(2x* =1 2 _ 3
x(x )x(x ) . -y _{oo}.

o0

i
AOTAaHKH xl_r)g (2x2_1)(2x_1) o4yt —2x* = 2x+1

: : 1 . :
L{s1 HeBU3HAYEHHICTH P1BHA R 00 CTENneHl MHOTOUIEHIB Y YUCETbHUKY

1 3HAMEHHUKY PIBHI.

3. 3HaifTM TrpaHuIl a) lim(\/x2 +1 —x); 0) lim(2x—\/x3 +4x* );
B) lim(2x—\/4x2 —x).

X—>0

Po3B’si3yBaHHs
MaeMo HEBU3HAYEHOCT] 3 KOPEHAMH BUIY {oo — oo} . L1t pO3KpUTTA

[IMX HEBM3HAYEHOCTEW MTOMHOXHMO 1 TTOAIJIMMO Ha BIAMOBIIHI CIIPSIYKEHI

BHpa3HU.
(\/x2+1—x)(\/x2+1+x) PR
a) {oo—oo} =lim =lim =

:lim;:{l}:O;
oo x4 1 +x 0
(2x—\/x3 +4x? )(2x+\/x3 +4x2)

0) {oo — oo} =lim =
o 2x + \/ X +4x?
=lim A —x —4x =lim {OO} 0o CTEIlHb
DR+ X +4x7 TP 2x X +4xP ’
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MHOTI'OWICHA YMCEJILHUKA OUIBIIEC CTEECHS MHOTOWICHA 3HAMEHHUKA;
2 2
(2x—\/4x —x)(2x+ \4x —x)

B) {00 —oo} =lim =

e 2x++/4x* —x

. 4x? —4x° o
— lim—~ X X =lim al :{2}21, 00 HaMOUIBII

PN T PN e ) B

CTeleHi x B YUCENBHHKY i B 3HAMEHHMKY PiBHi, a KOe(il[icHTH IpH X' B

YUCEIIbHUKY — 1€ |, B 3HAMEHHUKY — 11e 2 + Ja=2+2=4.
Ao Taky OLIHKY MPOBECTH BAXKO, TO IIJIUMO YHUCEIBHUK 1

3HAMEHHUK Jpo0y Ha x' (migkopeHeBHMil Bupa3 IimuMO Ha Xx°),
CKOpOUYEMO JpOOM 1 OOYMCIIOEMO KOXXHY 3 OTPUMAHUX TpPaHUIIb

) 1 1
Im——=—.
X—>0 1 4

24+ ,./4——
X

B rpanuusgx 3 a' chig po3pi3HATA +00 1 —o0 Ta BpPaxOBYBATH
MOBEAIHKY MOKa3HUKOBOT PyHKIIT (11 @ >1 lima* =+ 1 lima* =0,

X—>+00 x—>—0
mt 0<a<l lima* =01 lima® =+4o).

X—>+00 X—>—0

B) lim
) X—>+00 5 3x

4. 3HaliTy TpaHUlIl a) hrn3i 0) 11m (7 5- 2x) 3 +2.

X—>+00

Po3B’si3yBaHHs
+00 .
a) o +00 200 lim x3" =+00 - (+w0) = +o0;

X—>+00
0)7-5-0=7;
B) TMpHU MIACTAHOBII  HECKIHYEHOCTI 3aMICTh X  MaeMO

. 342 | .| oo ,
lim =<—p, JUISI PO3KPUTTS HEBU3HAYEHOCTI <{— JUIMMO
x>0 §.3% 00 00
MOWICHHO YHMCEJIbHUK 1 3HAMEHHUK Ha 3" 1 3aCTOCOBYEMO apuU(PMETHUHI
3x 2 2
¥ 3 3

BJIACTUBOCTI rpaHullp lim =———= lim ——=—.
x>0 §.3% x>+0  § 5

3X
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Ilpuxnaou 3naxo0sxcennsn panuyb yHKyii y moukax

HactynHi npukiaay € rpaHuusgMu QyHKUIA B TOUKaX, A€ PYHKIIS €
BITHOIIEHHSIM JIBOX MHOT'OYJIEHIB.
5. 3HaiiTu  TpaHuil  QyHKOII Yy  BIANOBIAHUX  TOYKax
. 6xt+x—1 . 6xt+x—1 . 6x +x—1
a) lm———;0) m——; B) llm —.
=2 x41 -1 x +1 x_>_% x+1

Po3B’si3yBaHHs
6x° +x—1 _ 6(—2)2 +(—2)—1 o

a) lim =-21;
=2 x41 —2+1
2
6) tim SE x-S ()=l 4
> x+1 ~1+1 0o
2
6x> +x—1 6(_;) +(_;)_1 0
B) lim % " = —=0.
1 x4+ 1 1
= ——+1 —
2

I'panunst QyHkii B Toulll, A€ (PYHKIS € BIAHOIIEHHSAM JBOX
. . 0
MHOT'OUYJICHIB, MOK€ OyTH HEBU3HAUYCHHICTIO BUJY {6 . Posriasguemo

NPUKJIAJAN POSKPUTTS TaKOi HEBU3HAYECHHOCTI.
6. 3naiitu  TpaHuil GYHKIIA Yy  BIANOBIAHUX  TOYKax
. 2x*=3x-5 i 8—2x? xP+2x+1
a) lim ; 0) lim— ; —.
-1 x+1 =2 x" 4+ 4x—12 =l x* —x—=2
Po3B’si3yBaHHs

2
, , , 2-(—1) —3-(—1)—5 0
a) Ilpu miactanoBui —1 B apid Maemo ( 1) " =<—7.
—-1)+
JI1st pO3KPUTTS TaKOi HEBU3HAYEHOCTI MOTPIOHO PO3KIACTA YHUCEITbHUK
HAa MHOKHHUKHU. [[1s 1bOro 3HaIeMO KOpPEH1 KBaApPAaTHOTO PIBHSIHHS

1
20 3x-5=00  D=9-4.2.(-5)=49, x=27-19_2
2.2 4 2
3-7 -4 _
X, = =—=—1. OTKe 4YHCENbHUK MOXHA 3aIlliCcaTh y BHUIJISIIL

2.2 4
2x? —3x—5=2(x—§j(x—(—l)) a60 2x° —3x—5=(2x—5)(x+1).
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2 —_
Tomi MaEMO lim 2x —3x -3 = lim (2x 5)(x ” 1) X Jlam
-1 x 41 x—>-1 x+1
ckopouyemo pi6 Ha (x+1) i Maemo lim(2x—-5)=2-(-1)-5=-7.

x——1

0) Ilpu miacradHoBui 2 B ApiO MaeMo 8-2-2° = 9 Jls
P P 2°+4.2-12 |0

PO3KPUTTS HEBU3HAUEHOCTI PO3KJIAJEMO MHOTOUIEHM HA MHOXHUKHU. B
YUCETbHUKY MaeMoO 8—2x° = 2(4 - xz) =2(2-x)(2+x). Tak sk

KOpPEHAMH KBaJpaTHOro piBHAHHA x° +4x—12=0 ¢ x, =2, x, =—6, TO

MaeMo X +4x—12=(x-2)(x+6). Toni 3aIHCYEMO
2 _ — -
87222200y 2xm2)(2ex) g
=2 x5t 4 4x 12 2 (x—2)(x+6) x—2 (x—2)(x+6)
cKopodyemo 1pib Ha (x—2) i Maemo lim 2(2+%) _ 24 —1.
=2 x+6 8
, , , (-1 +2-(-1)+1 {0}
B) IIpu migcranoBui —1 B api6 maemo lim 5 =<—7.
POy Lo

JInst  pO3KPUTTS HEBU3HAUEHOCTI PO3KJIAJEMO MHOIOWICHHM Ha
2

MHOKHUKH. B umcenpHHMKYy Maemo x° +2x+1= (x + 1) Tak sk

KOpPEHAMH KBaJpaTHOro PiBHAHHA x° —x—2=0 ¢ x, =—1, x, =2, T0 B

3HAMCHHMKY MaeMo x° —x—2=(x+1)(x—2). Toxi orpumyemo

4 2x+1 . x+1)° . .
hmx2+—x+ = =lim (x+1) . Mani ckopodyemo npi6 Ha (x+1)
=l xT—x—2 x—>—1(x+1)(x—2)

) . x+1 O
1 MaeMo lim =—=
>y -2 =3
7. 3naitd  TpaHuil GYHKIIA Yy  BIANOBIAHMX  TOYKax
X —x"+4x—-4 . X 43X —x-3 . x*=3x-2
a) lim—— ; 0) Iim —— ; B) Ilm ————
oyt —x"—x+1 =>3x +x"-9x-9 —>-lx" —2x -3
Po3B’si3yBaHHs

) . . . 0
a) Ilpu migcrtaHoBi 1 B api0 MaeMO HEBU3HAYEHICTH {6} Jls

PO3KPUTTSI HEBU3HAYEHOCTI TMOTPIOHO PO3KJIACTH MHOTOWIEHH Ha
MHOXHUKH. 3rpyNnyeMO JOJaHKM B YHCEJIbHUKY 1 3HAMEHHUKY 1

BUHECEMO CHUIbHI MHOXHUKM Yy  BUIJIAII (x—l) 34 JTYXKKH
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Lo () rA(x-1) L (x=1)(x 44

o xz(x—l)—(x—l) PN (x—l)(xz—l)-

X
(x—1) mosbymemocsi HeBu3HadeHOCTi lim—
x—l X _1
. 1’+4 5
IPAaHUYHOTO 3HAUEHHS OCTATOYHO MaeMoO lim oo 0.
x—l —

[licna CcKOpoYeHHS Ha

2

, 1 Opu MiACTAaHOBII

) . . . 0
0) IIpu miacTaHoBLi —3 B Apid MaeEMO HEBU3HAYCHICTh {6} Tak K

YUCEIbHUK 1 3HAMEHHUK JIpOo0y MEPETBOPIOIOTHCS HA HYJIb MIPU X —> —3,
TO 1 YUCEIbHUK 1 3HAMEHHUK MAlOTh MHOXXHUK (x+3). Buainumo y

YUCEIbHUKY 1 3HAMEHHUKY MHOMXHUK (x + 3) 1 3HailaemMo 1HII

MHOXHUKH. B 4KCeNbHUKY 3rpylnyeMoO AOJaHKWA 1 BUHECEMO CIIIbHUHN
2

MHOKHHUK (x + 3) 3a NYXKKH X (x + 3) — (x + 3) = (x + 3)()62 — 1) , a

3HAMEHHUK MOAUIMMO KyTHUKOM Ha (x + 3)

_x3+x2—9x—9x+3
x° +3x ?-2x-3
_—2x2 -9x-9
—2x* —6x
—3x-9
—3x-9
0

. (x + 3) (x2 - 1)
Otpumyemo lim .
x—>-3 (x + 3)(x —2x— 3)
no30yJeMOCsi HEBHU3HAYEHOCTI 1 MIJCTABUMO TpaHUYHE 3HAYCHHS

T T (-3)" -1 § 2
lim ————=lim — "1y 3
>3 x2 — 2y —3 x—>—3(_3) _2.(_3)_3 12 3

. Iicist ckopouenust Ha (x +3)

. . . . 0
B) Ilpu migcranoBui —1 B ApiO MaeMO HEBU3HAUYCHICTh {6} Jlst

.10 : :
PO3KPUTTA HCBU3HAYCHOCTI1 {6 BUALJIUMO Y YUCCIIbHUKY 1 3HAMCHHUKY

MHOXHUK (x+1). BukoHaeMo JiJIeHHSIM KyTHHKOM 4YHCEJIbHUKA Ha
(x+1)
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X' —=3x-2lx+1
X+ x° 2 _x-2

—x*=3x-2
- 2
—x"—Xx
—2x—-2
—2x—-2
0
Tak sIK OAMH 3 KOPEHIB KBaJPaTHOTO pIBHSAHHA x° —2x—3=0
BiIoMUN (X, =—1), TO 1HIIMI KOpIHb 3HAXOAMUTHCS JIEIKO, TaK SK

N00YTOK KOPEHIB 3BEJICHOr0 KBaJIPAaTHOIO PIBHSAHHS 3a Teopemoro Bieta
IOPIBHIOE BIIBHOMY WIECHY LIbOI'O PIBHSHHSA X, -X, =—3, TOOl X, =3 1B

3HAMEHHUKY MAaEMO x*—2x-3= (x + 1)(x — 3) : OTtpumyemMo
' (x+1)(x2—x—2) .
lim . Iicnst cxopodenns Ha (x+1) mo3Gymemocs
ST () (x-3)
x’—x-2
HEBU3HAYEHOCTI lim1 —3, 1 TpU TIJACTAHOBIl T'PAHUYHOIO
X—>— x J—

3HAUYEHHS OCTATOYHO MaeMoO lim =

() -(D-2_0_,

x—>-1 -1-3 —4
8. 3HalTH rpaHuIll PYHKIHN y BITIOBIAHUX TOUKAX
2
— — -2
2 hm\/x+6 J10x-21 . 6) lim Xt

x—3 S5x—15 x—-2 /x+6_2.

Po3B’si3yBaHHs
J3+6-4103-21 [0
5-3-15

a) IlinctaBumo 3 y (yHKIIIIO, MaEMO ol
Cnouatky no30y1eMoch pi3HULI KOPEHiB, o Aae 0 y yncenbHuKy. s
IbOI'0 YUCEJIbHHUK 1 3HAMEHHUK MOMHOXMMO Ha CIpPSKEHUU BUpa3 10

(Jx+6 —\/IOx—Zl)-(\/x+6 +\/10x—21)
pI3HUILI KOpEHIB lim ,
T (5x=15)+(Vx+ 6 +/10x-21)

3acTocyeMo (opmyiy ckopodeHoro MHOxeHHs (a—b)(a+b)=a’—-b’

o (Vewe) -(Viox-21) x+6-(10x-21)
lim =lim

3 (5x—15)-(\/x+6+\/10x—21) o (5x_15)-(\/x+6+\/10x—21).

Mu He 030aBWIINCHh KOPEHIB, MPOTE CYMYy KOPEHIB MO>XHA MEPETBOPUTH
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) ) x+6—-10x+21 . 9x+27
B YHWCJIO, IACTAaBUBINM 3, lim =lim—F—.
=3 (5x—15)-6

" (5x-15) (9 ++9)

) 0 ) )
HeBu3zHaueHICTb {6} HE 3HUKJIa (II€ BUAHO MpPH IJCTAaHOBII 3 Yy

(YHKIII0), 11 YCYHEHHS HEBU3HAUEHOCTI PO3KJIAJIEMO YHCEIbHUK 1

—9(x-3
3HAMEHHUK Ha MHOXXHUKU limL 1 CKOPOTMMO Ha NPUYHHY
¥3 5 (x — 3) -6
: .9 3
HEBU3HAYCHOCTI — TyKKY (x —3), MaeMo lim— =——.
=330 10
0) IlincraBumo —2 y (QyHKLIIO, MaeMo (_2)2 +(_2)_2 = {9}
’ J-2+6-2 0]

Cnouatky no30yneMoch pi3HUII Y 3HAMEHHUKY, 1o faae 0. s mporo

YUCEJIbHUK 1 3HAMEHHUK MOMHOKMMO Ha BHpa3 (\/x+6 +2), Ma€EMO

+x—2 (x2+x—2)-(\/x+6+2)
— =1

3aCTOCYEMO a0

3HaMEeHHUKa (HOpMyIy PI3HMII KBaJpaTiB 1 3BEIEMO MOMAI0HI TOJAHKHU
(x2+x—2)-(\/x+6+2) (x2+x—2)-(\/x+6+2)

lim 5 = lim :

x—-2 X——

” (\/x+6) —2? o X+2

030aBUJIMCh KOPEHIB, IIPOTE AYXKKY 3 KOPEHEM MOKHA MEPETBOPUTH B

, (P +x=2)-(2+2) 4(x* +x-2)
YHCJIO, IMijacTaBUBIIM —2, lim = lim :

x—>-2 x+2 x—>-2 x+2

Mu He

. 0 ) )
HeBusnaueHICTE {6} HE 3HUKJIA (1€ BUJAHO NPH TMIJCTAaHOBII —2 Yy

GyHKII0), 78 YCYHEHHS HEBU3HAYEHOCTI PO3KIAJAEMO JYXKY B
YUCEJIbHUKY Ha MHOXHUKHU. Tak sSK KOPEHSMU KBaJPaTHOTO PIBHSIHHS

x*+x-2=0 € x,=1, x,=-2, 70 B MaeMo x” +x—2=(x—-1)(x+2).
4(x—1)(x+2)

Tomi orpumyemo lim , CKOpOYYEMO Ha NPUYUHY
x—>-2 x+2
HEBH3HAYCHOCT] — JyKKY (x+2), Maemo lim 4(x—1)=—-12.
x—>-2

['panuns QyHKIii B TOUll MOXKE OYyTHM TaKOXX HEBU3HAYEHICTIO
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9. 3HaliTu TpaHuIo QyHKIII B To4i lim L
=i x—4 x*-16

Po3B’si3yBaHHs
Jist pO3KpUTTS HEBU3HAYEHOCTI {oo—oo} 3BEIEMO JApoOH 10

x+4-1 . x+3 wo| 7
CIIJIbHOTO 3HAMEHHHUKA lim—; =lim—; ={—r=—=00,
=4 x" =16 4 x"—-16 (o) O
3aBaaHHs AJIA CAMOCTINHOTO PO3B’A3yBaHHS
OO6uucanTH rpanuill GyHKIIN y BIAMOBIIHUX TOYKAX.
2
Iy —
Lo Llim2X 270 oy f = 1,6) =15 2. lim 2 Vx -2
=x x° =3x+2 >4 x* —6x+8
2x% +x— —1-~7-
20 LiimZ T gy =16 5 =12 T b (e
—=x x° —2x+1 x4 x—4
2
: - 2 \/
30 Lm0 23,6) x =15 2. lim Y2 TS
=% x‘+x-—2 x—>4 \/7 2
2x% - 1 v
4. 1. lim= 3x+ a) x,=3,0) x,=1;2. lim l=x -2

% x* +5x—6 ’ T34 J1-5x
5x—x*—4 Nx+3-2

5. l.lm——a)x,=3,0) x,=4;2. lm————
x—”fox —2x—8 ) ‘ ) ’ -l \/;_1
6. 1. hmzx o+ a) x,=1,0) x, =3;2. lim ot+2x 3

X=X x —5x+6 ’ x—2 \/7 \/7
3x* —5x—2 Jx+6-3

7. 1. lim a) x,=3,0) x,=2;2. im————
= 2x7 —x—6 ) %o ) %o =3 x—3
2x* —x—1 Vx—1-
8. l.hmx Al Oa)xo—l 0) x, =—2; 2. lim a 2.
=% x° +5x+6 =5 x =5
9. 1. hm3x —2x- 1a) x,=-1,0) x,=1; 2. iIm———— Jx—2 :
x—)xox —4x+3 4 [x -3 -1
2
0. 1. fim 2 a3 2) x, =1,6) x, =—3; 2. lim——%
=5 3x" +11x+6 =2 J1-4x -3
2x* +1 2 v —
1. 1. im 22T 5x+25 a) x,=-3,0) x,=-5;2. lim 2x2+3 3.

=x 5—4x—Xx =3 x" =9
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x*—-2x—8 x+1
12. 1. lim a) x,=1,0) x,=—2;2. lim .
x>x 2x% + 5x + 2 ) % ) %o IN3x+7 -2
6—x—x° \/;—2
13. 1. lim nmpua) x,=1,0) x,=-3; 2. IIm——-.
x5 3x” +8x —3 Pt a) X, ) %o 4 x—-3-1
4 L m X2 ma) x, =2,6) x, =—1;2 lim_* =25
o eombxl+x—5 P 0 ’ ‘ ’ .x—>5\/2x—1—3.
P +x-2 . X =x=2
15. 1. im————mpua) x,=-2,0) x,=1; 2. lim

x—>x04x2_x_3 =2 [4x + _3.
2
16. 1. tim-t— 10 ey x =3,6) x, =5 2. lim 2

=5 x2 —10x + 25 =33 _J12—x
X -x—6 N2+ x-3

17. 1. im———— mpua) x,=2,6) x,=3;2. im———.
=% x° —6x+9 Pi ) X, ) %o o =1
x> —dx+4 X
18. 1.lm————mpua)x,=1,0) x,=2;2. im—— .
X=Xo x2—4 P ) 0 ) 0 xl—r>1;)1\/1+3x—1
2x° — —
19, 1 lim 25 ""*3 ona) x, =—1,6) x, =1; 2. [im 25 =3

-y x> —2x+1 =4 Jy_3 -1

x*+2x—8 J1+3x-16

20. 1. im————mopua) x, =-1,0) x, =2; 2. 1
=% x° —3x 42 Pt a) X, ) %o s x?—5x
—6x—x° J2x=1-45
2L 1 1im =Y fpna) x, =2, 6) % =1 2. lim S ¥
=x x° =5x+4 x—3 x-3
3
2. 1 im——"% pua) x, =2, 6) x, =—2; 2. lim X3

x—>x0x2_|_x_2 x—>—24_,/2_7x.

JlabopaTopHe 3ansaTTs 4.03

BAXKJ/INBI TPAHULI
TeopeTnuni BizomMocTi

. Sino .
PO3FH$IHCMO FpaHI/II_[IO hm—. CHpO6y€MO ImMAaACTaBUTU HYHB B
a—0 o

(YHKII}0, OTPUMAEMO HEBU3HAYCHICTD {6} [lizcTaBUMO 4HUCIIO

OJIU3bKE 10 HYJIA, HanpuKJIajg a =0,01, OTPUMAEMO
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sm0,01 _ 0,999983..., sxmo B3atH o =0,001, TO OTpUMaEMO
sn0.991 _  99999983.... B Teopii xosomuses, 1o
0,001
pmSine
a0 o

[e#t MaTeMaTnyHU# (PaKT Mae HA3BY «IepIlia BaXKJIMBa TpaHUIls». B
AKOCTI TlapaMeTpa o MOXke OyTH 1 3MiHHA, 1 BUpa3, aje BaXJIUBO, 11100

. sin3x
BOHHU npsSIMyBaJIH 110 HYJISL. Hanpuknan, lim =1,
x—0 3x
. 2
. sm(x —x) . x> —x
lim > =1, lim— ; =1.
=0 xT —Xx =0 s1n(x —x)
Hacniakamu nepiioi BaKJIMBO1 IpaHUII €
too . arcsina . arctga
lim—=— & =1, lim——=1, hm—gzl.
a—0 o a—0 o a—0 o
o . tea .. sino . sina . 1 1
Jl1¥icHO, im-2% = 1im—2%_ —im lim =l--=1. V¥
a—0 o a—0 o -COSO a—0 o a—0 coSso 1

BUMAJIKY 3 apKPYHKIISIMU 3aCTOCYEMO MEPEXil 0 1HII01 3MiHHOI. Tak, y
arcsina = 8

arcsino . . P
BUMAJKY apkcuHyca lim——— a =sinpf =lim——=1, y
a—0 o L—0 Slnﬁ
a—>0=p—->0
arctga = f8
arctga . B
BUIMAJIKY apKTaHreHca lim———| a =tgf =lim——=1.
a—0 o p—0 tgﬂ

a—>0=p->0
Ha npakTuiil 3py4Ho 3aCTOCOBYBATH IEPIIY BAXKIUBY TPAHUINIO Ta 11
HACJIIJIKW y BUTJISII
sinag ~a npu o —> 0
(~ o3Hauae eKBiBAJICHTH1, TOOTO MOKHA 3aMIHUTH). AHAJIOTTYHO
arcsina ~ o ipu a —> 0,
tga ~a npu o — 0,
arctga ~a npu a — 0.

a—>0

. 1Y . . .
Posransgsnemo rpaHuito hm(1+— . IIincTanoBka HECKIHUEHOCTI
a

3aMICTh ( J1a€ HEBU3HAYEHICTh II€ OJIHOTO BUIY {1‘”}. Cnpobyemo
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1000
nijgcraButd 1000 3aMiCTh o, OTPUMAEMO (1+—j =2,7169..., npu
1 100000
a =100000 orpumaemo |1+—— =2,718268.... B Teopii
100000

JIIOBOJIUTHCS, 1110

lim(l + lj =e,
o—>0 a

ne e=2,718281828 — ippaliioHaJIbHE YUCJIO.
Lleli MmatemaTHYHUN (PaKT Maeb Ha3BY «Apyra Ba)KJIuBa rpaHulis». B
AKOCTI TlapaMeTpa o MOXke OyTH 1 3MiHHA, 1 BUpa3, aje BaXJIUBO, 1100

[J—>w

1 3x 1 3x+2
lim{1+— | =e, im| 1+ =e.
x>0 3x x>0 3x+2

Jpyra uynoBa rpaHuls Mae MOaU(DiKario
1
lim(1+ a)a =e.
a—0
B sikocTi mapameTtpa o Moxke OyTH 1 3MiIHHA, 1 BUpa3, ajie BaXJIUBO, 1100
1
BIH  mpsMyBaB 10  Hynsd.  Hanpuknapg, lim(l + 2x)2x =e,

x—0
3
lim(l + ﬂjzx —e.
3

U
BOHU TPSIMyBaju JI0 HECKIHYEHHOCTI lim(1+ﬁj =e. Hanpuximan,

x—0

Jlpyra Ba)xjiuBa rpaHulg pO3KpUBa€ HEBU3HAYEHICTD {1"0} :

[Ipu oOumucneHHi rpanunl ¢QyHKING, OO0 MICTUTh 3MIHHY B
MOKa3HUKY CTEIEHs, IEPEXOAATh 10 TPAHULIl B TOKA3HUKY CTEIICHS:

- Ko icHye lim f(x), To mpu cranmoMy 3HadeHHi b Mae Micie

xX—a
PIBHICTh

hmbf(x) — b)lcf}zf(x) .

xX—a

- sKmo icHye lim f(x) i limg(x), mpuaomy lim /(x)> 0, To Mae

xX—a xX—a

9

MICIIE PIBHICTh

lim f(x)™" = tim f(x)me(X);

xX—a xX—a

OpU YOMY Yy IIUX PIBHOCTSX a MOKE IMO3HA4YaTH 1 YUCJIO, 1 OJMH 13
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CHMBOJIIB 00, 400, —00 .

Ipuxiaagu 3acToCyBaHb Ba:KJIMBHUX IPAHULb

Po3riasiHeMo NpuKIaan 3 IEPIIOI BAXKIMBOKO FPAHULIEIO.

. ) " . sin7x . sin2x
1. 3uaittu rpanumi  ¢QyHKmA  a) lim ; 0) lim— X
x>0 3x -0 gin Sx
) 5x° . te2x
B) im———; ) lim & >
x—0 . X x—0
- sin? X -0 Qx
Po3B’si3yBaHHs

: 0 . -
SIK1110 Ma€EMO HEBU3HAYEHICTh {6 (aHaJOT 111€1 HEBU3HAYEHHOCTI €

HeBH3Ha4YeHiCTh {0-c0}) i cuHyc (TAaHIeHC, apKCHHYC, apKTaHICHC) I

3HAKOM lim, TO 1le Ma€ HAIITOBXHYTH Ha JYMKY 3aCTOCYBaHHS IEpIIOi
Ba)KJIMBOI I'PAHUIII.

. sin7x {0 :
a) Maemo hng = ol OpraHi3yeMO HITYYHO MEPUTY BaXKJIUBY
xX—> X
. sin7x . Ism7x . 7 .. sin7x 7 7
rpauio lim——=lim———=lim—-lim =—-1=—.
x—>03.7x.l =0 3.7 x =03 x>0 Ty 3 3

. sin2x |0 : : : :
0) lim— =4— ¢, OpraHi3yeMO IITYYHO JBl IE€pIIl BaXJIMUBI
x>0 sin Sx
... sin2x-2x-5x . sin2x .. S5x .. 2x 2 2
rpanumi lim— =lim lim— dim—-=1-1-—=—.
=0 sinSx-2x-5x 0 2x  0sinSx 0 S5x 5 5
. 5x : : :
B) hng—: — ¢, TPEICTaBUMO CTENEHl Yy BUIJSAl JOOYTKIB
sin? Y 0
. Sx-x : : : :
hng . , OpraHizyeMO IITYYHO TMEpIll Ba}XJHUBI TPAHUIl
7 sin= -sin—
2 2
X X X X
52.2.2.9 bl i
im—22 —lim—2 lim—2—lim> 22 =1.1.20=20,
-0 . X X x>0 . X xo0 . X x00 1

Sin — - sin — Sin — Sin —
2 2
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. tg2x |0 : : .
r) hng e ol OpraHizyeMO IITY4YHO HACHIAOK  IE€pUIOl
xX—> X
BaXKJIMBOI rpaHull lim g2x = lim (g2x -liml =1]-00=00.

x—0 2x.x x—0 2x x—)Ox
P03rﬂﬂHYTi HpI/IKJ'IaI[I/I pO3B’H3YIOTBC$[ H_IBI/II[HIe, AKIIO 3aMiHIOBaTI/I

¢yHKUil sina, tga, arcsing, arctga Ha iXHI aprymMeHTH npu  — 0.
Tak, po3B’si3yBaHHSI PO3IVITHYTUX MPUKJIAJIB 3alUIIYThCS HACTYITHUM

. sin7x .. Ix 7 . sin2x . 2x 2
YUHOM: lim =lim—=—; lim— =lim—=—;
=0 3x =03x 3 =0sinSx —05x 5
. 5x7 . 5x° . tg2x . 2x 1
lim——=1lim—-=20; lim 5 —=lm—=lim—=o00.
=0 . 5 X x—0 x =0 Dy x—=0 D x =0 x
sin” — =
4
PosrissHeMo ckiIaaH1II MPUKIIATU 3 TEPIIOK BAXKIMBOIO IPAHUIICIO.
2
y . .. l—cosdx : ctgx(l—cos 3x)
2. 3Haiitu rpanui a) lim———; 6) lim > :
=0 tgS5x x>0 X" +5x

Po3B’si3yBaHHs
a) Ilpu miACTaHOBI HYJS 3aMICTh X OTPUMAEMO HEBU3HAYCHICTh

. l—cos4x |0
lim———=<—};. 3acTocyeMO  TpPUTOHOMETPUYHY  (OPMYITY
=0 tgS5x 0

. . 2sin’2x .
l—cos2a =2sin“a. Otpumaemo hngT. 3amiHuMO  (yHKIII1

X—> g X

sin2x, tg5x Ha iXHI apryMEHTH, TaK SIK OCTaHHI NPSAMYIOTh 10 HYJIS
. 2sin2x-sin2x . 2-2x-2x .. 8x°
lim =lim———=1lim——=0.
x—0 thx x—0 Sx x—0 Sx

0) Ilpu migcTaHOBIN HYJS 3aMICTh X OTPUMAEMO HEBU3HAYECHICTH

. ctgx(l—cos2 3x) 0-0 .
lim > = : 3actocyemo TPUTOHOMETPHUYHI
x>0 X" +5x 0
bopMymu  ctga = — i cos’a+sin“a=1.  Orpumaemo

ga

: 1-sin” 3x : . .

lim . 3amiHuMO QyHKHIi sin3x, tgx Ha iXHI apryMEHTH,

¥=0 tgx-(x2 + Sx)

TakK K OCTaHH1 [MpsAMYHKOTH a0 HYJIA, OoTpUMaAEMO
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sin3x-sin3x 3x-3x _{0}

lim =lim 0 Hns PO3KPUTTSA

x—0 tgx-(xz +5x) =0 x-(x2 +5x) -

. |0 :
HEBHU3HA4YCHOCT1 {6 BUAUJIMMO Y 3HAMCHHUKY IIC OAWH MHOXHHK X,

. 3x-3x : .9 9
oTpumaemo lim , MCJISI CKOPOYEHHA MaeMo lim =—.
x—>0x-x-(x+5) =0 x+5 5
Po3risiHeMo NpUKIaan 3 APYTror0 BaXKIUBOIO TPAaHULIEHO.
4x 2x
: - : 1 : 1
3. 3naiitu rpanumi ¢yskmid a) lim| 1+—| ; 0) lim| 1——| ;
X 3x x> 3x

1
B) lim(1+2x”)°*; 1) lim(1—7x)2lx3.

x—0 x—0
Po3B’si3yBaHHs
a) Ilpu miAcCTaHOBII HECKIHYEHHOCTI 3aMiCThb X OTPUMAEMO

4x

: : 1 o : :

HEBU3HAYCHICTh hm(1+3— :{1 } JlaHa HEBU3HAYEHICTh SIK pa3 1
X—>0 x

PO3KPUBAETLCA 3a JIONOMOIOK APYroi BaxynBoi Tpanuill. IITyuHo
U
MIPUBEIEMO TPAHULIIO 10 BUTIIALY lim(l +Ej . 711 pOro B mOoKa3HUKY
—o0

Tpeba opraHi3yBaTH BHUpa3 PIBHUI BHpa3y y 3HAMEHHUKY, MAa€EMO

3x—4x
X
hm(1+3—j . Ilepelimemo 10 rpaHULl B IIOKa3HUKY CTEHEHS
X—>0 X

lim ﬂ

3x
. 1 x>0 3X .
hm (1 + 3—j 1 3aCTOCY€MO ):[pyl“y BEDKJII/IBy rp AHUIIHO
X—»0 X

4x 3

lim =
ex%oo 3x — e4

0) Ilpu migcTAaHOBIII HECKIHYEHHOCTI 3aMiCTb X OTPUMAEMO

- . 1 2x B
HEBU3HAYEHICTh lim| 1 — 3— = {1 } [IITyyHO IpUBENEMO TPAHULIO 10
X—>0 x

[J—>w

U
BUTIISIITY lim(1+ﬁj . JIns 1bOoro B OCHOB1 CTENEHSI MEPETBOPHUMO

2x

. . 1 .

p13HI/II_[IO Ha CYMy hm(1+T , d B HOKaSHI/IKy opraH13y€M0 BI/Ipa3
X—>0 —3Xx
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—3x—2x
—J3X
PIBHUM BUpPA3y Y 3HAMEHHUKY, MAEMO hm(l + —3 j . Ilepeniemo
X—>0 f— x

X0 —3x

lim (—?] 2

3aCTOCYEMO APYTY BOXKIIMBY IpaHuLlo e~ */ =e 3.
B) Ilpu mizcTaHoOBLI HYJSA 3aMICTh X OTPUMAEMO HEBU3HAYEHICTH

. 2x
lim| —
j3x x%w( 3x ]

0 TpaHUIll B TOKa3HUKY CTEIEHS lim(1+—

1
lim(l +2x° )SX = {1‘”}. JlaHa  HEBU3HAYEHICTb PO3KPHUBAETHCS  3a

x—0

JOTIOMOT00 MOJIU(IKOBAHOTO BUpa3y JPYyroi BaKJIWBOI rpanuii. [mis
1

BOT0 MITYYHO MPUBEAEMO TPAHUIIIO 0 BUTIISTY lim(l +D)ﬁ. Cnouatky

[1—0

BUKOHAEMO  MEPETBOPEHHS B  IOKA3HUKY  CTENEHS,  MaeMo
1 .51
N, PO N
lim(1+2x2)2x2 T [lepelineMo 10 TpaHULl B IOKA3HUKY CTENEHS
x—0
. 2x%
1 lim—
_t  |x>05x

lim(1+2x2)2x2 1 3acTocyeMO MOAU(DIKOBAHY JPYry BaKIIMBY

x—0

lim— 0
rpaHuIo e*> =¢ =1.
r) Ilpu migcTaHoBLI HyJS 3aMICTh X OTPUMAEMO HEBU3HAYEHICTh
1

1in3(1 — 7x)273 = {lw} . IITydHo IPHBEIEMO IPAHMIIIO 70
1

MozmdikoBaHOro BHpasy Apyroi Baxamoi rpammmi lim(1+0)0. s

[1—0

bOIO BUKOHAEMO TMEPETBOPEHHS PI3HUIII B OCHOBI CTENEHS B CyMy
1

lim(l + (—7x))§ i OpranizyemMo BiANOBiIHMI NOKA3HUK CTENEHS, MAEMO

x—0
1 1
. —A-7x)— o .
hm(1+ (—7x))—7x( e [lepelineMo 10 TPAaHHMI B NMOKA3HUKY CTEIEHS

x—0
Jim|[ %
L x>0 23

lim(l + (—7x))—7x i 3acTocyemMo MonU(iKOBaHy IPYTy BaKIMBY

x—0

1im(——x3j im(—izj =
rpanuirio e 2 = 2 = =0,
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Po3risiHeMo CkJIa[HIII MPUKIAAA 3aCTOCYBAHHS APYroi BaKJIMBOI
IPaHUILL.

" : - . (2x+3)7" . (x=2)""
4. 3HaittTy rpanuili ¢QyHKIi a) lim ; 0) lim ;
e\ 2x =3 el x+1
1

B) lim 1+ tgx )2

Po3B’si3yBaHHs
a) Ilpu miACTaHOBII HECKIHYEHHOCTI 3aMiCTb X OTPUMAEMO

2x+3 jm

2x-3

o (2x=3+3+3Y" . (2x=3 343 )" 6 "
Iim =lim + =lim| 1+
2x-3

:{1‘”}. BunianMmo 1 B ocHOBI cTeneHs

X—>0

HEBU3HAYECHICTD lim(

el 2x-3

[J—>w

0
i 1 )
III)I[B(3IU3B4C) IT)HIIIIIII() a0 ISIIIUIﬂjI)/ 11III[:1'+'E5:] . JJJISI OO0 IMOA1IIMMO
x+5

Ha 6, TobTo lim| 1+ #
2x-3 X—>00 2x-3

6
NOKa3HUKY OpraHi3yeMO BHpa3 pIBHUI BHUpa3y y 3HAMEHHHKY 1
nepeigeMo 10 TrpaHull B  IIOKAa3HUKY CTENEHS, OTPUMAEMO
. 6(x+5)
r - lim ——+=

2x-3 | 5w 2x-3
6

YUCEJIbHUK 1 3HAMEHHUK JApO0Y

, B

2x—3' 6
6 2x-3

(x+5)

: 1 :
s S s ’

6 6

lm6(x+5)
JPYTy BaKJIMBY TPAHUIIO e>* 23 =¢’,
0) Ilpu migcTAaHOBIII HECKIHYEHHOCTI 3aMiCTb X OTPUMAEMO

3aCTOCYEMO

2x+3

) . (x=2 " ) ) )

HEBU3HAYECHICTh hm( lj :{1 } BuninmuMo B ocHOB1 cremneHl 1
x>0\ x4

2x+3 2x+3 2x+3
hm{x+1_1_2j :hm(x+1—1+2) =hn{@——3—j . Jlari B

X0 x+1 el x4+1 x+1 X0 x+1
OCHOBI CTEMEHS MEPETBOPUMO PIZHUIIO HA CyMy 1 MPHUBEIEMO
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2x+3

YUCEJIbHUK Apo0y A0 oauHui lim| 1+ . llITy4dHo mpuBEaEMO

X—>00 x+1
3
1 U
TPAHUII0 A0 BUTIISILY lim(1+ﬁj . JlJIg 1bOro B MOKa3HUKY CTENEHS
—o0
OpraHi3yeMoO BUpA3 piBHHIA BHUPA3Y y 3HAMCHHUKY
_L”(_i}(zx+3)
3 x+1
. 1 : . :
lim| 1+ —+ 1 mepeieMo A0 TpaHulll B TOKa3HUKY
X—>00 x+1
3

[ 3(2x+3)]
) lim| ™" _
CTEIEHs i 3aCTOCYEMO APYTY BAXKIUBY TPAHUIIIO e = ' =e °

B) Ilpu mizcTaHoBLI HYJS 3aMICTh X OTPUMAEMO HEBU3HAYEHICTH
1
lim (1+ tgx)2x = {lw}. IITy4HO IPUBENEMO TPAHUIO [0 BHIJIALY
x—0
1

lim(l +D)ﬁ. JI1s1 1bOrO BUKOHAEMO MEPETBOPEHHS B ITIOKA3HUKY CTEIICHS,

0—0
1 1
. ——tgr— o .
mMaemo lim(1+tgx)wer ™ 2¢. IlepeiizeMo m0 TIpaHMIi B IOKA3HUKY

x—0
tgx

lim—=—
L x—>02x .
CTeneHs {lim(l + tgx ) } Ta 3acTOCyeMO MOIU(IKOBaHy APYTry

x—0

i L. t8%

BXJIMBY TpPaHUIIO €2 * 1 HaCHAOK NEpIIoi Ba)XJIUBOI TPaHUII
1 1
| -

e? =e?

3aBAaHHs AJIA CAMOCTIHOTO PO3B’A3YBaHHSA

OO6uMCANTH rpaHuLll QYHKIIIH.

._sinbx-sin7x . 1l-—cosdx . 10} .. (2x+5)"
L. lim ; lim ; lim| 1—— | ; lim e
x_

2 .
x>0 X x>0 2aresin” 2x  xo® X

) -~ 3-x
2. fim S 2%y 17 C0SY lim(1—§jlo; lim(3x+2j .

- 2 - 2
x>0 8gin°“3x 0 gresin” x o X x>0\ 3x —4

X—>0




2 3 3x—4
3 lim—2 lim— . gim[ 1= ) w23
=0 xsin2x 0]—cosdx o= X xool 4x—1
. X 2x+1
n 1imarcs1n4x; hmcos3x—cos4x; lim 1_2 2; hm(6x+1J .
x—0 tgsx x—0 X X—>00 X X—>00 6x_3
. . X 4x+3
— 4 —
5. lim S FSIIY G, 17 cosdx lim(l—zj lim(zx 7} .
x—0 tgx x—0 X X—>0 X X—>0 2x_3
.9 X 7x
6. limarcsnzl 2x; limcos4x cosSx; lim(l—iy; lim( 3x lj .
x—0 X x—0 X X—>00 X X—>0 3 x_4
) X 1-3x
2
IR LS N LS5 hm(1—3j : lim(4x+1j |
0 aretg2x  *>01—cosl2x o= x) ~={4x-3
.0 _ % _ 2x+1
g limeurcs12n x; limcos3x2 cosx; lim(l—éj lim(3x 5) .
x—0 tg X x—0 tg 4x X—>0 X o\ 3x+5
. X 2x+1
— 5
9. hmtgx+3smx; iy SOS ¥ .cc_z)s2x; lim(l—zj : hm(7x+5j .
x>0 X x>0 aresin’x X0 x) =o\Tx-=2
. -~ 3x—4
— 10 —
10. lim 30X, jjpy 908X~ COSY, lim(1+§j : lim( i IJ .
=0 arctg2x 0 sin“6x X0 X x>0\ 5x 435
. X 2x+1
— 8 —
11, lim $P3% (L2 C0S6x. hm(nij ;lim( 4 lj
x—0 tgsx x—0 tg3x X—>0 X xoo\ 4x+7
. 1-2x
— 2
12. lim sin 3x : hmcos2x. Sos3x; lim(1+gj : hm(7x+2j
0 arctgbx >0  arcsin2x X0 x) =\ Tx-1
_ % 3x+5
13. lim(sin3x- ctgx); lim =Y fim[ 147 |'; lim| 2277
x—0 x—0 X X—>00 X X—>0 2 x_l
. B % 2x-3
14, 1jm S0 Y gy 17 COST, hm(nfj : lim(6x+2j
x—0 tg 2x x—0 xs1n3x X—>0 X X—>0 6x_1
) _ % 1-4x
15, limsm 22x; hmcos2x. cosSx; lim(1+ﬂj  lim 5x+1j
x—0 X x—0 xsinx X—>0 X X—>0 Sx_l

40




, sin®2x . 1—cos8x . 47 . (Tx+2 !
16. lim - Im————; lim| 1+—| ; lim )
x—0 COsOX - tgx™ 0 xarcsin2x = X xow\ Tx —2
z x+5
17, 1im S8 iy 008 2X— COSEY, lim(1+zj5; lim(5x+7j .
=0 ctgdx >0  arcsinx X0 X x>0\ 5x+3
X x+5
— 10
18, lim X 182X I-cosax, hm(nij : lim(6x+7j |
x>0 4x 0 arctgx”  xo X o\ 6x +3
_ % . Tx
19 hmarcthx; limcos7x (?os3x; lim 1+§  lim 2x—1 .
-0 4x x>0 x-arcsinx ~ xo X x>0\ 2x—5
. . 1— 2% x
0. hms1n3x+s1n7x; fim cozsx; m 1_2  lim x+5 .
x>0 arctgSx -0 tgx X0 X ool x 41
. 9 X 3-8x
. 1imsm 3x; limCOS3x. cosSx; lim 1_@ 21; m 14x+2 .
x—0 tgx x>0 xsinx X0 X xso\ 14x =2
> At
22, Jim—tE Y g LT 00s3x, lim(1+2 : lim(x > j .
x—0 X+arcsin3x -0 xsin3x o« X x>0\ X —
cos5x—cos3 0 7
23, lim B, g SSXZCOSX e 2LV [ 22D
=0 8inSx x>0 sin” x X% X x>\ 2x+5
2 cos5x — cos 2 o
4. limar.(:tgngx  fim X : x; lim I—E 21; . 14x +2 |
=0 §in”2x x>0 X x>0 X x| [4x -2
ﬁ 3-7x
25. lim ctg8x : liml_,CSS3x; m 1+2j7 : hm(14x—2J .
x>0 COS7x - ctg3x x>0 sIn”Sx o X oo\ 14x +8
x? 3+7x
26. lim ctg8x limcos3x 2cosx m (l_gj : hm(14x—8J .
0 ctgdx >0 1—cos’2x | xo X o\ 14x +2
. 3-8x
27 tim s1n3xcos6x; m l—cosz7x el 1— %  lim 14x -2 .
-0 tgSx 0] —cos"2x xo X xon\ 14x +2
: 2 2 3+8x
28 im sin3x limcos 7x2 cos” 2x : lim 1+2_21  lim 14x -2 .
0 tg?5x " 10 tg”2x x> X o\ 14x+2
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5x2 —6x°
: . [4x?+2 . [5x° =2
JlonaTkoBi 3aBJaHHs: lim ; lim X

o\ 4x° —1 | 5x° +1

(247" (sx243x-1) . (2xt+2x—1)
lim 3 ; lim| — ; lim 5 :
ol 2x7 42 e 5x7+3x+3 ool 2x"+x+3
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