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top  base and the  case of free surface a t the liquid top presence are shown. The frequency 
equations are obtained for the  cases of sym m etric and non-sym m etric oscillations of plate 
and liquid com binations. Various cases of p la te  loops fixation (clam ped, simply supported 
and the  free edge), the case of the p late change into the m em brane, the  cases of the top  or 
bo ttom  liquid absence and the case of liquid’s weightlessness have also been studied. T he 
analytical and num erical investigations have been obtained for a large range of mechanical 
system ’s param eters. T he solution results [1, 2, 3] for the  cases of free liquid surface a t 
the top  and for the  various cases of fixing plate loops have also been accomplished.

Free jo in t oscillations of elastic plates and a two-layer fluid w ith free surface can be 
found from the following boundary  value problem:

gkntanhK\n,
km =  ро$о, &P =  p2 — P\\ b -  the  channel w idth; £ i  and £ 2 are differential operators, 
describing the p la te ’s loop boundary  conditions 7 j ( j  — 1,2). T he case where D  =  
0, £ i  =  l, £2 =  0 and bn — 0 has been studied in [3].

P roper jo in t oscillations of elastic plates and liquid in a rectangular channel w ith  a 
rigid base, ie, w ith a "cap" on the  free surface follow from the boundary  value problem
(1), if we set the  coefficient b„ =  0. I t  has a physical explanation, because w ith  an increase 
in the  depth  of the top  liquid filling this ra tio  tends to zero as the e~2Kln. Thus, when 

>  1 the  influence of th e  free surface on the  frequency spectrum  can be neglected. 
Frequency equation of elastic plates and the  liquid jo in t oscillations has the  form

The stability  of an elastic rectangular p late, separating the ideal incompressible fluid of 
different density in a rectangu lar channel w ith  a hard  base, is studied. T he case of a hard

where P  =  Г /D ,  q =  (k0iuj2 -  g A p ) / Д  a* =  anbn, an =  pi coth  ftin +  p2 cotli к.2т  к in — 
hikny
bn =  2w2p i /  ((w2 -  o-2) sinh 2кы ) , kn — f \ 2 ю-фп dy, фп (у) =  coskn (;у +  | )  , a 2n =

(2)

79

mailto:kononov.yuriy.nikitovich@gmail.com
mailto:aleksandrl402a@mail.ru


where

C q k  —  £ j k p  —  a 'k n S jn p ' £ jk p  ~  (~ P  Ы  ) j7 j 1 ~ jn p  —  ( £ p  i Q'kn —  a n E k n ..

, ( q , k =  M ; i , p  =  1,2)—

71=1

a!
ш2а* -  kndn

It is shown th a t  for clam ped loops ^ £ x =  1, £ 2 =  frequency equation (2) is divided 
into odd (n =  2m — 1 ) and even (n  =  2m ) frequencies and it can be w ritten  in a  single 
form for these frequencies

OO i

£  2 i  =  (3>
^  Q 'n  k n d n

Thus, th e  foregoing problem  has an infinite discrete spectrum  of proper values wf, 
which are the  roots of the  characteristic equation (3), and the corresponding proper 
functions wi (у ) form a com plete orthogonal system  of functions on the interval [—b /2 , Ь /2].

I t should be noted th a t for certain ratios of the param eters of the mechanical system  
frequency equation can not have positive roots, i.e. fiat shape of the  elastic m em brane 
equilibrium  could be unstable.

A num ber of the particu lar case of the  original problem  has also been studied. They 
are as follows: degeneration of the m em brane p la te  (D  =  0), and  its absence (D  =  0,
T  =  0, koi =  0), lack of upper (pi =  0) and lower fluid (p2 =  0), case of weightlessness 
(g =  0). If the  equation (3) to  pu t bn =  0 (R ectangular channel case w ith rigid upper 
and lower bases) and keep the two term s in the num ber of this equation, it follows from 
си2 >  0 followed w ith  accuracy sufficient for practical conditions of stability  of a flat plate 
shape equilibrium . For odd and even modes of vibration, they respectively take th e  form

41tt2D  +  5Tb2 >  9 P̂l / 2^ - . (n  = 1 , 3 ) ,  (4)
7Г

136?t2D  +  10Tb2 >  9 P̂l f 2' b\  (n  =  2 , 4 ) .  (5)
7Гг

The stab ility  conditions (4) and (5) do not depend on the  depth  of filling liquid and 
the  mass of the p late. From these conditions can be seen, for exam ple, th a t the  stability  
of asym m etric m em brane vibrations (D  =  0) need twice as m em brane tension, th a n  for 
sym m etric, line qualities (4) -  (5) can be specified and based on three, four or more term s
of the series, bu t will have to  use the term s of the  positive roo ts of polynom ials 2 ,3  n
- degrees, which greatly com plicate the  analysis. From these conditions it follows th a t, 
in view of highest accuracy, w ith  the na tu ra l stratification pi <  p% frequency equation 
always has a positive roots and flat shape of the  elastic p late equilibrium  is stable. The 
instab ility  may occur only when a  violation of the  na tu ra l stratification, i.e, on condition 
Pi >  P2-

Publications are based on the  research provided by the  gran t support of the  S tate 
Fund For Fundam ental Research project Ф71/80-2016.

80



References
[1] Yu. Kononov, A. Lvm ar, "The vibrations of th e  p late separating the ideal liquid 

of different density in a rectangular channel", Tezi special stages. Mizhnar XVI. 
Sciences. Conf. "Matematichni problemi tehnichnoi mehaniki", p .45 (2016).

[2] Yu. Kononov, A. Lym ar, "The stab ility  of plates oscillation,that divides ideal liq­
uids of different dencities ia rectangular channel", Conferention of young scientists 
"Pidstrigachivski subtraction ", (2016).

[3] Yu. Kononov, A. Lym ar, "F luctua tions rectangular m em brane separating the ideal 
liquid of different density in a rectangular channel w ith rigid bases", News of Donetsk 
University that. Sulfur. Prirodnichi science, No. 1, (2015).

Coupled axisym m etric vibrations of annular elastic 
bases and ideal liquid in a rigid coaxial cylindrical 

container
Y u.M . K ononov

Vasyl Stus N ational University of Donetsk, V innytsia, U kraine 
e-mail: y.kononov@ donnu.edu.ua 

V .P . Shevchenko  
Vasyl Stus N ational U niversity of Donetsk, V innytsia, U kraine 

e-mail: v.shevchenko@ donnu.edu.ua 
Y u.O . D zhukha  

Vasyl Stus N ational University of Donetsk, V innytsia, U kraine 
e-mail: yu.djukha@ donnu.edu.ua

The frequency equation of th e  coupled axisym m etric n a tu ra l vibrations of the elastic 
p late-shaped bases and the  heavy ideal two-layer incompressible liquid in a rigid coaxial 
cylindrical container have been obtained. There were considered th e  fixed, sim ply sup­
ported  and free edge conditions. Here are presented the  lim iting cases of the m em branes, 
the absolutely rigid plates, the  circular p lates and also the  case of a free surface. One 
employs the  num erical investigations and analyzes a wide range of the  param eters of the 
considered m echanical system. The results of the  articles [1 , 2] are generalized for the 
case of a  two-layer ideal liquid.

The interest in the  axisym m etric vibrations of the  elastic bases and the liquid in the 
annular cylindrical container is connected w ith  the necessity to  take into account the 
vibrations of a liquid column between the elastic bases.

Let us consider the coupled axisym m etric vibrations of the elastic bases and  the heavy 
ideal two-layer incompressible liquid w ith the  densities p\ and p2- The liquid com pletely 
fills the  right annular cylindrical container w ith the rigid la teral surface w ith  the  outer 
radius a and the  inner radius as  (0 <  г <  1 ). T he bases of the annular cylindrical 
container are assumed to be plates w ith  flexural rigidities Д  being under the  action of
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